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Problem 1 (5 Points):
Consider a free complex scalar field Φ(x) with action

S =

∫
d4x
(
∂µΦ†(x) ∂µΦ(x)−m2 Φ†(x)Φ(x)

)
. (1)

/ Pt.a.) Derive the equation of motion for Φ(x).

/ Pt.b.) Derive the expression for the canonically conjugate momentum density to Φ(x) and compute
the Hamiltonian density H.

/ Pt.c.) The mode expansion for Φ(x) takes the form

Φ(x) =

∫
d3p

(2π)3
1√
2Ep

(
a(~p)e−ip·x + b†(~p)eip·x

)
. (2)

Make an Ansatz for the commutation relations of the modes a(~p), a†(~p), b(~p) and b†(~p) such
that when you explicitly compute the equal time commutator [Φ(t, ~x), Φ̇†(t, ~y)] you obtain
the right result for canonical quantisation.

/ Pt.d.) Show that the action (1) is invariant under the transformation

Φ(x)→ eiαΦ(x), α ∈ R (3)

and derive the associated Noether current and the Noether charge Q in terms of the fun-
damental fields.
Hint: Q =

∫
d3x j0(x) and jµ = ∂L

∂(∂µφ)
δφ− F µ.

/ Pt.e.) The expression for the Noether charge Q in terms of the modes reads (in some overall
normalisation)

Q =

∫
d3p

(2π)3

(
a†(~p)a(~p)− b†(~p)b(~p)

)
. (4)

Compute the charge, i.e. the eigenvalue with respect to Q, of the states a†(~p)|0〉 and b†(~p)|0〉.
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Problem 2 ( 5 points ):
This time consider the real scalar field φ(x).

/1
2

Pt.a.) Show that the time-ordered product T (φ(x1)φ(x2)) and the normal-ordered product :
(φ(x1)φ(x2)) : are both symmetric under the interchange of x1 and x2.

/1
2

Pt.b.) Deduce that the Feynman propagator, DF (x1 − x2), has the same symmetry property.

/ Pt.c.) Check Wick’s theorem for the case of three scalar fields,

T (φ (x1)φ (x2)φ (x3)) = : (φ (x1)φ (x2)φ (x3)) : +φ(x1)DF (x2 − x3)
+ φ(x2)DF (x3 − x1) + φ(x3)DF (x1 − x2) .

(5)

Now consider an interacting real scalar field theory with Lagrangian density

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 − λ

4!
φ4. (6)

/ Pt.d.) Examine 〈0|S|0〉 to order λ2 in this theory and identify the different diagrams that arise
from an application of Wick’s theorem.

Hint: 〈0|S|0〉 = 〈0|T exp
[
−i
∫∞
−∞ dtHI(t)

]
|0〉.

/2 Pt.e.) Confirm that, to order λ2, the combinatoric factors work out such that the vacuum-to-
vacuum amplitude is given by the exponential sum of distinct vacuum bubble types,

〈0|S|0〉 = exp

.
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