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Path Integral

• QM transition amplitude: ⟨𝑞𝐹 , 𝑡𝐹 | 𝑞𝐼 , 𝑡𝐼⟩ = ⟨𝑞𝐹 | 𝑒−𝑖𝐻̂ (𝑡𝐹−𝑡𝐼)
⏞

Δ𝑡

| 𝑞𝐼⟩, 𝛿𝑡 = Δ𝑡
𝑁+1 , 𝑁 →∞, 𝑒−𝑖𝐻̂Δ𝑡 = 𝑒−𝑖𝐻̂𝛿𝑡⋯𝑒−𝑖𝐻̂𝛿𝑡. 

Insert 𝟙 = ∫d𝑞𝑘 |𝑞𝑘⟩⟨𝑞𝑘| to get

⟨𝑞𝐹 , 𝑡𝐹 | 𝑞𝐼 , 𝑡𝐼⟩ = lim
𝑁→∞

∫∏
𝑁

𝑘=1
d𝑞𝑘⟨𝑞𝐹 | 𝑒−𝑖𝐻̂𝛿𝑡 | 𝑞𝑁⟩⟨𝑞𝑁 | 𝑒−𝑖𝐻̂𝛿𝑡 | 𝑞𝑁−1⟩⋯⟨𝑞1 | 𝑒−𝑖𝐻̂𝛿𝑡 | 𝑞𝐼⟩,

now assume 𝐻̂(𝑝, 𝑞) = 𝑓(𝑝) + 𝑉 (𝑞) and use BCH formula 𝑒−𝑖𝐻̂𝛿𝑡 = 𝑒−𝑖𝑉 (𝑞)𝛿𝑡𝑒−𝑖𝑓(𝑝̂)𝛿𝑡 +𝒪︀(𝛿𝑡2), thus 
⟨𝑞𝑘+1 | 𝑒−𝑖𝐻̂𝛿𝑡 | 𝑞𝑘⟩ = ∫d𝑝𝑘 ⟨𝑞𝑘+1 | 𝑒−𝑖𝑓(𝑝̂)𝛿𝑡 | 𝑝𝑘⟩⟨𝑝𝑘 | 𝑒−𝑖𝑉 (𝑞)𝛿𝑡 | 𝑞𝑘⟩, where ⟨𝑝𝑘 | 𝑞𝑘⟩ = 𝑒−𝑖𝑝𝑘𝑞𝑘√

2𝜋  so that 

∫ d𝑝𝑘
2𝜋 𝑒

−𝑖(𝑓(𝑝𝑘)+𝑉 (𝑞𝑘))𝛿𝑡𝑒𝑖𝑝𝑘(𝑞𝑘+1−𝑞𝑘). Reinsertion gives

⟨𝑞𝐹 , 𝑡𝐹 | 𝑞𝐼 , 𝑡𝐼⟩ = lim
𝑁→∞

∫ d𝑝0
2𝜋

∏
𝑁

𝑘=1

d𝑝𝑘 d𝑞𝑘
2𝜋

𝑒𝑖∑
𝑁
𝑘=0[𝑝𝑘

𝑞𝑘+1−𝑞𝑘
𝛿𝑡 −𝐻(𝑝𝑘,𝑞𝑘)]𝛿𝑡

→
𝛿𝑡→0

∫
𝑞𝐹

𝑞𝐼

𝒟︀𝑞(𝑡)𝒟︀𝑝(𝑡)𝑒𝑖 ∫
𝑡𝐹
𝑡𝐼
(𝑝𝑞−̇𝐻(𝑝̂,𝑞)) d𝑡 = ∫

𝑞𝐹

𝑞𝐼

𝒟︀𝑞(𝑡)𝒟︀𝑝(𝑡)𝑒𝑖 ∫
𝑡𝐹
𝑡𝐼
d𝑡𝐿(𝑝,𝑞)⏟

𝑒𝑖𝑆[𝑝,𝑞]

• Scalar fields: path integral master formula for quantum correlation fcts.

𝐺(𝑥1,…, 𝑥𝑛) = ⟨Ω | 𝑇 ∏
𝑛

𝑖=1
𝜑̂𝐻(𝑥𝑖) | Ω⟩ = lim

𝑇→∞(1−𝑖𝜀)

∫𝒟︀𝜑(𝑥)∏𝑛
𝑖=1 𝜑(𝑥𝑖)𝑒

𝑖 ∫𝑇
−𝑇
d4𝑥ℒ︀(𝜑(𝑥))

∫𝒟︀𝜑(𝑥)𝑒𝑖 ∫
𝑇
−𝑇
d4𝑥ℒ︀(𝜑(𝑥))

• 𝑍[𝐽] generating functional of Green’s fcts.: 𝐺(𝑥1,…, 𝑥𝑛) = 1
𝑍[0] ∏

𝑛
𝑖=1

𝛿
𝑖𝛿𝐽(𝑥𝑖)

𝑍[𝐽]|𝐽=0; 𝑍0[𝐽 ] = ∫𝒟︀𝜑𝑒−
1
2 𝜑⋅𝐷

−1
𝐹 ⋅𝜑+𝑖𝜑⋅𝐽

• Schwinger–Dyson eq. ∫𝒟︀𝜑( 𝛿𝑆
𝛿𝜑(𝑥) + 𝐽(𝑥))𝑒

𝑖(𝑆[𝜑]+𝐽⋅𝜑) = 0, states that cl. e.o.m. holds as operator eq. in quantum 

theory; ( 𝛿𝑆𝛿𝜑 |𝜑= 𝛿
𝑖𝛿𝐽
+ 𝐽)𝑍[𝐽] = 0

• 𝑖𝑊[𝐽] = ln 𝑍[𝐽]
𝑍[0]  generating fctnal of fully connected Green’s fcts.

• 1PI effective action Γ[𝜙] Legendre transform of 𝑊[𝐽], i.e. Γ[𝜙] ≔ 𝑊[𝐽𝜙] − 𝜙 ⋅ 𝐽𝜙; 𝛿Γ
𝛿𝜙(𝑥) = −𝐽𝜙(𝑥), 𝐺

(𝑐)
2 (𝑥1, 𝑥2) =

−Γ−12 (𝑥1, 𝑥2)
• fermionic path integral: ⟨Ψ𝐹 (𝑥𝐹⃗ ), 𝑡𝐹 | Ψ𝐼(𝑥𝐼⃗), 𝑡𝐼⟩ = ∫𝒟︀Ψ(𝑥)𝒟︀Ψ(𝑥)𝑒

𝑖 ∫𝑡𝐹
𝑡𝐼
d4𝑥ℒ︀(Ψ,Ψ)

• if 𝐻(𝑝, 𝑞) = 𝑝2
2𝑚 + 𝑉 (𝑞), integrate ∫𝒟︀𝑝 explicitly by analytic continuation 𝛿𝑡 → 𝛿𝑡(1 − 𝑖𝜀) (so that Re(𝑎) > 0) to 

get

∫ d𝑝𝑘
2𝜋
𝑒
𝑖(𝑝𝑘(𝑞𝑘+1−𝑞𝑘)−𝛿𝑡

𝑝2𝑘
2𝑚 )

= 𝑒𝑖 𝑚
2𝛿𝑡 (𝑞𝑗+1−𝑞𝑗)

2√−𝑖𝑚
2𝜋𝛿𝑡

• ex. of compl. the square in fermionic path integral:

𝑆0[Ψ,Ψ] + 𝜂 ⋅ Ψ + Ψ ⋅ 𝜂 = 𝑖Ψ ⋅ 𝑆−1𝐹 ⋅ Ψ + 𝜂 ⋅ Ψ + Ψ ⋅ 𝜂 = (Ψ − 𝑖𝑆𝐹𝜂) ⋅ 𝑖𝑆−1𝐹 ⋅ (Ψ − 𝑖𝑆𝐹𝜂) + 𝑖𝜂 ⋅ 𝑆𝐹 ⋅ 𝜂

Renormalization

• Superficial degree of divergence 𝐷: 𝜑𝑛 in 𝑑 dim 𝐷𝜑𝑛 = 𝑑 − (𝑑 − 𝑛 𝑑−22 )⏞
[𝜆(𝑛)]

𝑉 − 𝑑−2
2 𝐸 with 𝑛𝑉 = 2𝐼 + 𝐸 and Euler’s 

formula 𝐿 = 𝐼 − 𝑉 + 1 or 𝐿 = ∑𝑖 𝐼𝑖 −∑𝑗 𝑉𝑗 + 1
• 𝐷 ≥ 0 may still be finite due to symmetries, 𝐷 < 0 may still be divergent due to divergent subdiagram; tree-level 

diagrams have 𝐷 = 0 but are finite

• a QFT is 1. renormalizable if number of superf. diverg. ampl. is finite, but superf. divergs. appear at every order; 2. 
super-renormalizable if only finitely many diagrams are superf. divergent; 3. non-renormalizable if infinite; 1. =̂
[𝜆] = 0, 2. =̂ [𝜆] > 0, 3. =̂ [𝜆] < 0

• BPHZ theorem: if a QFT is renormalizable, i.e. has finite number of divergent diagr., one can absorb divergencies 
order by order in counterterms

• in a QFT with dimensionless coupling, [𝜆] = 0, the dimension of an amplitude is equal to 𝐷
• QED: 𝐷QED = 4 − 𝐸𝛾 − 3

2 𝐸𝑓 , QED is renormalizable since [𝑒] = 0, symmetric under charge conj.!, respects Ward 
identity!

• Callan–Symanzik eq.: 𝜇 d
d𝜇𝐺

(0)
𝑛 (𝑥; 𝜆0,𝑚0)|𝜆0,𝑚0 fixed = 0 = 𝜇

d
d𝜇 (𝑍

𝑛/2𝐺𝑛(𝑥; 𝜆,𝑚; 𝜇))|𝜆0,𝑚0 fixed, where 

𝐺𝑛(𝑥1,…, 𝑥𝑛) = ⟨Ω | 𝑇 ∏
𝑛
𝑖=1 𝜑(𝑥𝑖) | Ω⟩|connected and 𝜑(𝑥𝑖) = 𝑍−1/2𝜑0(𝑥𝑖); chain rule yields

(𝜇 𝜕
𝜕𝜇

+ 𝛽𝜆
𝜕
𝜕𝜆

+ 𝛽𝑚2
𝜕
𝜕𝑚2 + 𝑛 ⋅ 𝛾𝜑)𝐺𝑛(𝑥; 𝜆,𝑚; 𝜇) = 0

with 𝛽𝜆 ≔ 𝜇 d𝜆d𝜇 |𝜆0,𝑚0
, 𝛽𝑚2 = 𝜇 d𝑚

2

d𝜇 |𝜆0,𝑚0
, 𝛾𝜑 = 1

2
𝜇
𝑍
d𝑍
d𝜇 |𝜆0,𝑚0

1



• Renormalization group (RG) flow (eq.) given by the beta function 𝛽(𝜆) = d𝜆(𝜇)
d ln(𝜇)  describes change of 𝜆(𝜇) with 𝜇: 

𝛽(𝜆) > 0 (< 0)⟺ 𝜆(𝜇) increases (decreases) as 𝜇 increases. Landau pole: 𝜆 → ∞ as 𝜇 → 𝜇∗ with 𝜇∗ finite; 
Gaussian IR (UV) fixed point: 𝜆 → 0 as 𝜇 → 0 (∞); 𝛽 = 0∀𝜇 ⇒ 𝜆(𝜇)⟷ theory is scale-ind. or conformal

• RG flow of dimensionful operators: ∫d𝑑𝑥𝐶𝑖𝒪︀𝑑𝑖 with [𝒪︀𝑑𝑖] = 𝑑𝑖, [𝐶𝑖] = 𝑑 − 𝑑𝑖, 𝐶𝑖 = 𝑔𝑖𝜇
𝑑−𝑑𝑖 , then CS eq. reads

0 =

[



𝜇 𝜕
𝜕𝜇

+ 𝛽𝜆
𝜕
𝜕𝜆

+ 𝑛𝛾𝜑 + (𝛾𝑖 + 𝑑𝑖 − 𝑑)𝑔𝑖⏟
𝛽𝑖≔

d𝑔𝑖
d ln𝜇

𝜕
𝜕𝑔𝑖

]



𝐺𝑛(𝑥; 𝜆, 𝑔𝑖, 𝜇)

if [𝐶𝑖] = 𝑑 − 𝑑𝑖 < 0 (> 0)⟷ 𝐶𝑖 is non-renormalizable (super-renormalizable) coupling which becomes irrelevant 
(relevant) in the IR

• Wilsonian approach: QFT just an effective description of physics accurate only at energies below an intrinsic cutoff 
Λ0 (or at large distances)

• Dim. reg. integrals:

∫ d𝑑𝑙
(2𝜋)𝑑

1
(𝑙2 −Δ)𝑛

= (−1)𝑛𝑖
(4𝜋)𝑑/2

Γ(𝑛 − 𝑑
2 )

Γ(𝑛)
Δ 𝑑

2 −𝑛, ∫ d𝑑𝑙
(2𝜋)𝑑

𝑙2

(𝑙2 −Δ)𝑛
= (−1)𝑛−1𝑖

(4𝜋)𝑑/2
𝑑
2
Γ(𝑛 − 𝑑

2 − 1)
Γ(𝑛)

Δ1+ 𝑑
2 −𝑛,

∫ d𝑑𝑙
(2𝜋)𝑑

𝑙𝜇𝑙𝜈

(𝑙2 −Δ)𝑛
= (−1)𝑛−1𝑖

(4𝜋)𝑑/2
𝜂𝜇𝜈

2
Γ(𝑛 − 𝑑

2 − 1)
Γ(𝑛)

Δ1+ 𝑑
2 −𝑛

frequent identity: 
Γ(2− 𝑑

2 )
(4𝜋)𝑑/2 Δ

𝑑
2 −2 = 1

16𝜋2 (
2
𝜀 − lnΔ − 𝛾 + ln 4𝜋 + 𝒪︀(𝜀)),

1
𝐴𝑚1
1 𝐴𝑚2

2 ⋯𝐴𝑚𝑛𝑛
= ∫

1

0
d𝑥1⋯d𝑥𝑛𝛿(∑

𝑖
𝑥𝑖 − 1)

∏𝑥𝑚𝑖−1
𝑖

[∑𝑖 𝑥𝑖𝐴𝑖]
∑𝑚𝑖

Γ(𝑚1 +⋯+𝑚𝑛)
Γ(𝑚1)⋯Γ(𝑚𝑛)

, 1
𝐴𝐵𝑛

= ∫
1

0
d𝑥 𝑛(1 − 𝑥)𝑛−1

[𝑥𝐴 + (1 − 𝑥)𝐵]𝑛+1

• Trace identities: tr(𝛾𝜇) = 0, tr(𝛾𝜇1⋯𝛾𝜇𝑛) = 0 for 𝑛 odd, tr(𝛾𝜇𝛾𝜈) = 4𝜂𝜇𝜈 , tr(𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜎) = 4(𝜂𝜇𝜈𝜂𝜌𝜎 − 𝜂𝜇𝜌𝜂𝜈𝜎 +
𝜂𝜇𝜎𝜂𝜈𝜌), 𝛾𝜇𝛾𝜈𝛾𝜇 = −2𝛾𝜈 , 𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜇 = 4𝜂𝜈𝜌

Yang–Mills theory

• starting point: Lie group 𝐻 with Lie algebra Lie(𝐻) s.t. every ℎ ∈ 𝐻 can be expressed as ℎ = 𝑒−𝑖𝑔𝛼 with 𝑔 ∈ ℝ, 
𝛼 = 𝛼𝑎𝑇 𝑎 ∈ Lie(𝐻), where 𝑇 𝑎 are a basis of Lie(𝐻), i.e. the generators of 𝐻, satisfying defining relation [𝑇 𝑎, 𝑇 𝑏] =
𝑖𝑓𝑎𝑏𝑐𝑇 𝑐 and Jacobi identity [[𝑇 𝑎, 𝑇 𝑏], 𝑇 𝑐] + c.p. = 0

• (adjoint) covariant derivative: 𝐷𝜇𝛼(𝑥) ≔ 𝜕𝜇𝛼(𝑥) + 𝑖𝑔[𝐴𝜇(𝑥), 𝛼(𝑥)] used to define 𝐹𝜇𝜈(𝑥) = 1
𝑖𝑔 [𝐷𝜇, 𝐷𝜈] = 𝜕𝜇𝐴𝜈 −

𝜕𝜈𝐴𝜇 + 𝑖𝑔[𝐴𝜇, 𝐴𝜈], field strength satisfies Bianchi identity 𝐷𝜇𝐹𝛼𝛽 +𝐷𝛼𝐹𝛽𝜇 +𝐷𝛽𝐹𝜇𝛼 = 0
• pure Yang–Mills Lagrangian: ℒ︀YM = − 1

2 tr(𝐹𝜇𝜈𝐹
𝜇𝜈) = − 1

4 𝐹
𝑎
𝜇𝜈𝐹𝜇𝜈𝑎 is gauge invariant; e.o.m. for 𝐴𝜇: 𝐷𝜇𝐹𝜇𝜈 = 0 =

𝜕𝜇𝐹𝜇𝜈 + 𝑖𝑔[𝐴𝜇, 𝐹𝜇𝜈]
• generators 𝑇 𝑎 normalized to tr(𝑇 𝑎𝑇 𝑏) = 1

2 𝛿
𝑎𝑏 (used in the second step of ℒ︀YM)

• for ℒ︀YM + ℒ︀matter, the e.o.m. become 𝐷𝜇𝐹𝜇𝜈𝑎 = 𝑗𝜈𝑎 for some 𝑗𝜈𝑎(𝜑,Ψ,…)

Possible exam questions

1. Derivation of the fermionic PI: trans. ampl. ⟨Ψ𝐹 , 𝑡𝐹 | Ψ𝐼 , 𝑡𝐼⟩ = ⟨Ψ𝐹 | 𝑒−𝑖𝐻̂(𝑡𝐹−𝑡𝐼) | Ψ𝐼⟩ with 𝑒−𝑖𝐻̂(𝑡𝐹−𝑡𝐼) =
lim𝑁→∞ (𝑒−𝑖𝐻̂𝛿𝑡)

𝑁
, 𝛿𝑡 = 𝑡𝐹−𝑡𝐼

𝑁+1 . Now insert identities

⟨Ψ𝐹 , 𝑡𝐹 | Ψ𝐼 , 𝑡𝐼⟩ = lim
𝑁→∞

∫∏
𝑁

𝑗=1
dΨ∗𝑗 dΨ𝑗⟨Ψ𝐹 | 𝑒−𝑖𝐻̂𝛿𝑡 | Ψ𝑁⟩⋯⟨Ψ1 | 𝑒−𝑖𝐻̂𝛿𝑡 | Ψ𝐼⟩

since 𝟙 = ∫dΨ ∗
𝑗 dΨ𝑗 |Ψ𝑗⟩𝑒−Ψ

∗
𝑗Ψ𝑗⟨Ψ𝑗|. We assume 𝐻̂ = Ψ̂†𝑀Ψ̂ with Grassmann-even 𝑀 . Then

⟨Ψ𝑗+1 | 𝑒−𝑖𝐻̂𝛿𝑡 | Ψ𝑗⟩ = ⟨Ψ𝑗+1 | (1 − 𝑖Ψ̂†𝑀Ψ̂𝛿𝑡) | Ψ𝑗⟩ = 𝑒Ψ
∗
𝑗+1Ψ𝑗𝑒−𝑖Ψ∗𝑗+1𝑀Ψ𝑗𝛿𝑡 = 𝑒Ψ∗𝑗+1Ψ𝑗+1𝑒Ψ∗𝑗+1(Ψ𝑗−Ψ𝑗+1)𝑒−𝑖Ψ∗𝑗+1𝑀Ψ𝑗𝛿𝑡,

where the factors 𝑒Ψ∗𝑗+1Ψ𝑗+1 cancel with those from identities, except for 𝑒Ψ∗𝐹Ψ𝐹 . Thus

⟨Ψ𝐹 , 𝑡𝐹 | Ψ𝐼 , 𝑡𝐼⟩ = lim
𝑁→∞

∫∏
𝑁

𝑗=1
dΨ∗𝑗 dΨ𝑗𝑒Ψ

∗
𝐹Ψ𝐹 𝑒∑

𝑁
𝑗=0(−Ψ

∗
𝑗+1(Ψ𝑗+1−Ψ𝑗)−𝑖𝛿𝑡𝐻(Ψ∗𝑗+1,Ψ𝑗))

→
𝑁→∞

∫𝒟︀Ψ∗𝒟︀Ψ𝑒𝑖 ∫
𝑡𝐹
𝑡𝐼
d𝑡 (Ψ∗𝑖 𝜕Ψ𝜕𝑡 −𝐻).

2. Renormalization of QED: 𝐷 = 4𝐿 − 𝑃𝑒 − 2𝑃𝛾, 𝐿 = 𝑃𝑒 + 𝑃𝛾 − 𝑉 + 1, 𝑉 = 2𝑃𝛾 + 𝐼𝛾 = 1
2 (2𝑃𝑒 + 𝐼𝑒) ⟹ 𝐷 = 4 − 3

2 𝐼𝑒 −
𝐼𝛾.
Divergent amplitudes (superficially): 

𝐷 = 4
 can be absorbed into 𝑉0, 𝐷 = 3  zero by 𝐴𝜇 → −𝐴𝜇 symmetry, 

𝐷 = 2
 logarithmically divergent, 

𝐷 = 1
 0 by 𝐴𝜇 → −𝐴𝜇, 

𝐷 = 0
 divergent parts cancel due to Ward identity, 

 0 by charge conserv., 
𝐷 = 1

 logarithm. divergent, 

𝐷 = 0

 logarithm. divergent,

ℒ︀QED = −
1
4
(𝐹𝜇𝜈)

2 +Ψ(𝑖𝜕 −𝑚)Ψ − 𝑒𝐴𝜇Ψ𝛾𝜇Ψ−
1
4
𝛿𝐴(𝐹𝜇𝜈)

2 +Ψ(𝑖𝛿Ψ𝜕 − 𝛿𝑚)Ψ − 𝛿𝑒𝐴𝜇Ψ𝛾𝜇Ψ,

2



where Ψ = 𝑍−1/2Ψ Ψ0, etc.
Feynman rules: 

𝑞
𝜇 𝜈  =

−𝑖𝜂𝜇𝜈
𝑞2 , 𝑝  = 𝑖(𝑝+𝑚)

𝑝2−𝑚2 , 𝜇  = −𝑖𝑒𝛾𝜇, 
𝑞

𝜇 𝜈
 = −𝑖(𝜂𝜇𝜈𝑞2 − 𝑞𝜇𝑞𝜈)𝛿𝐴, 

𝑝
 = 𝑖(𝑝𝛿Ψ − 𝛿𝑚), 𝜇  = −𝑖𝑒𝛾𝜇𝛿𝑒

Renormalization conditions: Σ(𝑝 = 𝑚) = 0, d
d𝑝 Σ(𝑝 = 𝑚) = 0, Π(𝑞

2 = 0) = 0, −𝑖𝑒Γ𝜇(𝑝′ − 𝑝 = 0) = −𝑖𝑒𝛾𝜇, where 

1PI

𝑞
𝜇 𝜈  = 𝑖Π

𝜇𝜈(𝑞) = 𝑖(𝑞2𝜂𝜇𝜈 − 𝑞𝜇𝑞𝜈)Π(𝑞2) and ( 𝜇)
amp

= −𝑖𝑒Γ𝜇(𝑝′, 𝑝). We use dim. reg. to control UV 

and photon mass 𝜇 to control IR divergencies.

|1-loop = 𝑝 +
𝑝 𝑘

𝑝 − 𝑘

+
𝑝

= 𝑖(𝑝 +𝑚)
𝑝2 −𝑚2 − 𝑖Σ2(𝑝) + 𝑖(𝑝𝛿Ψ − 𝛿𝑚)

−𝑖Σ2(𝑝) = (−𝑖𝑒)2∫
d𝑑𝑘
(2𝜋)𝑑

𝛾𝜇 𝑖(𝑘 +𝑚)
𝑘2 −𝑚2 𝛾𝜇

−𝑖
(𝑝 − 𝑘)2 − 𝜇2

= −𝑒2∫
1

0
d𝑥∫ d𝑑𝑙

(2𝜋)𝑑
−2𝑥𝑝 + 4𝑚
[𝑙2 −Δ]2

= −𝑖𝑒2

(4𝜋)𝑑/2
∫
1

0
d𝑥

Γ( 𝜀2 )[(4 − 𝜀)𝑚 − 2(1 −
𝜀
2 )𝑥𝑝]

[(1 − 𝑥)𝑚2 + 𝑥𝜇2 − 𝑥(1 − 𝑥)𝑝2]𝜀/2

Σ(𝑝 = 𝑚)|1-loop = −𝑖Σ2(𝑚) + 𝑖(𝑚𝛿Ψ − 𝛿𝑚) =
! 0⟹𝑚𝛿Ψ − 𝛿𝑚 = Σ2(𝑚) =

𝑒2𝑚
(4𝜋)𝑑/2

∫
1

0
d𝑥
Γ( 𝜀2 )(4 − 2𝑥 − 𝜀(1 − 𝑥))
[(1 − 𝑥)2𝑚2 + 𝑥𝜇2]𝜀/2

d
d𝑝
Σ(𝑝 = 𝑚)|1-loop = −𝑖

d
d𝑝
Σ2(𝑚) + 𝑖𝛿Ψ =

! 0

⟹ 𝛿Ψ = −
𝑒2

(4𝜋)𝑑/2
∫
1

0
d𝑥 Γ(𝜀/2)
[(1 − 𝑥)2𝑚2 + 𝑥𝜇2]𝜀/2

[(2 − 𝜀)𝑥 − 𝜀
2

2𝑥(1 − 𝑥)𝑚2

(1 − 𝑥)2𝑚2 + 𝑥𝜇2
(4 − 2𝑥 − 𝜀(1 − 𝑥))]
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