Revision of Exercises Relevant for the Exam

Quantum Field Theory I, Prof. Jiirgen Berges

Solutions by Janosh Riebesell, 31.01.2015
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Table 1: Exercises relevant for the exam (problem number per exercise sheet).

Problem 1.2 (Classical electrodynamics as a field theory)

From classical electrodynamics we recall the following form of the Lagrangian for the electro-
magnetic field in vacuum

1
£=—3F,F. (3)

Here the field strength tensor F*¥ is defined as F*” = 9* A¥ — 0¥ A* in terms of the gauge
potential A*.

a) Derive the Lorentz transformation property of F#¥ from the fact that A* is a 4-vector.

A¥ being a 4-vector implies that under a Lorentz transformation A it behaves like

3
Al =N AR AV =AM A,

v=0
The same holds for 0* as can be seen from the following:

0 oz, O 0

oH = = 2ty — AM = A Q¥
ox;, Oz, Oz, Y oz, v
where the Lorentz transformation comes from the fact that
(z/)? = z,x't =z, A*, ¥ = ot =2 =z, =z, A,

Therefore, F*¥ transforms like a rank-2 tensor, i.e.
F'Hv =AY — Q'VA'H = A“aaaA”BAB — A”BGBA“QAO‘
= A“aA"B((?aAB — 85/10‘) = A“QA”ﬂF"‘B.

b) Derive the equations of motion from the general expression for the Euler-Lagrange equations,
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with ¢ replaced by A*.

We need to calculate two terms for which an expression of £ in terms of the gauge potential A*
will come in handy. We have

1 1
L=~ (0,4, = 0,A4,)(@" A — 0" A") = — 2 (8,A4,00 A" — 0, A, 0" A"),
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Problem 2.1 (Canonical commutation relations)

Starting from the mode expansion of the Schrédinger fields,

3
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we’ll derive the canonical commutation relations for the modes a(p) and af () using the steps
below.

a) Perform a Fourier transformation to deduce the relation between the Fourier modes ¢(p),
#(p) and the modes a(p) and af(p).

b) Derive the commutation relation
[2(8), 7(@)] = i(2m)*6®) (B + q) (3)

from the canonical commutation relations for ¢(Z) and 7(Z).



i6(8) (3—5)
c) Conclude that
[a(P),a!(@)] = (2m)*6® (B —7), [a(P),a(@)] = 0= [al(B),a!(q)] (4)
o), 01 @)] = § | VPB20) +iy| 5 70) 2B P~y | 5 7D

Equ
:_%( 2230 (5 — ) + 1| 2 i(2m)30 5 q>)=<2w>35<3><p—a>,
a(5),0(@)] = § | VZE,B(5) + i | = 7(5), 2B,2(a) + i ifr@]
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and similarly for [aT (p), al ((_j)]

Problem 2.3 (Rotational symmetry and its corresponding generators)
Show that the action for the free classical Klein—-Gordon field,
S = /d4x£ = /d4m (%6#(,0(@8”90(3:) — %m2<,02(m)), (8)
is invariant under the following three transformations
6zt = ez, with je {1,2,3}). (9)
Furthermore, construct the corresponding Noether charges.

Since € is a continuous parameter, we can write the transformation infinitesimally and justify an

expansion in € only to first order:
4 / 82
p(z) — ¢'(2"(2)) = p(2) +edp(z) + -

= p(z) + edp(x) + O(e?),

3
g
6%p(x) + 55%(:8) + -



where z’(z) = Az = = + dz and dz is a 4-vector given by

- 0 for u =10
v ge”, xk for p=1i€{1,2,3} and j € {1,2,3}

j=1:0f=¢|—2x3 |, j=2:02=¢| 0 |, j=3:0=¢| z; |,
T —I; 0
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1
x3 + ex? 00e 1
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1 3
_ , |zt +exs| |01 0ef|
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x3 —ex! 0—01
x0 10 00
, _|at—ex?| |01 —Of
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We can also write the transformation using the chain rule

o(z) — 9@ (@) = (o) + 22D s 4 O(c2) = (2) + Bip(w)ec 2k + O(E2),

from which we see that dp(z) = 31-@(3:)6” @, Therefore to first order the Lagrangian transforms as

1 1 1
L— L = 5@@’6“90’ — §m2<p’2 =3 [0,,(0 + €60)0" (@ + edp) —m?(p + €0¢p) (p + €0¢p)]

1 - -
=3 [8“908“@ + 20,p0'€0,pe"  xF — m2p? — 2m2ped,;pe" 2k + (9(52)]
= L + 0,08 0,0 a¥ — em2pd,pe”  ak + O(e2).

After dropping terms of order O(£?) and above, the transformed Lagrangian reads

L =L+ edpd 0,0 a* — em208,pe" 2

=L+ 55”kwk (81906l8190 - m23031~30)

) 1 1
=L+ 6z’ <8i<§8lg03l90 — §m2g02)> =L+ 6z, L,

as one would expect from an application of the chain rule as was done for the field ¢(x). Making
use of the fact that €% vanishes whenever two of its indices are identical, we can drag the z* in
dx* into the derivative in front of L, i.e.

8t 0, L = 0x'0,L = ee” a"0,L = 0, (ec” 2k L).

Inserting this into the transformed action S’ gives

S— 8 = / diz L = / dz L + / diz62"9,L = S + / dt / d*z 0, (e, ab L)



=S+ / dt / dA;ee” ok L = 8,
OR3

0

where the integral‘ ?Ver the surface of R? is said to vanish because we only look at localized systems
| —0o0

fulfilling L(p(z)) — 0.
Now, we calculate the corresponding Noether charges. Firstly, the currents are given by

gt = L)égo — F*  where

_ on d 6L =0 Fr.
9(0,¢ voan g

oL
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Comparing terms in our expansion of £, we see that
1
edL = 6x+0, L =0, (0zML) = oL = 58#(530“@,
1

FH = géa:"ﬁ = F%=0 because §z° =0,

1

Fi= —ge” oL =" a*L.
€

Therefore, the Noether currents take the form

oL
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The charge is obtained via integration over j°:

Q= /d%jo — /d%(p&p = /d%(psijk:ck@icp for j € {1,2,3}.

Problem 3.2 (Quantisation of the complex scalar field)

A complex scalar field ¢(z) of mass m can be thought of as describing the degrees of freedom
of two real scalar fields ¢, (z) and ¢, (x) of mass m by writing

1 .
o(z) = 7 (1 (@) + iy (). (2)

Using this relation, show the following assertions stated in the lecture:

a) The (Schrodinger picture) Hamiltonian can be written as
H = [ @a(nt@)(@) + V! (2) - V(@) + e @) (@) 3)

with 7(2) = ¢t(z), ©1(@) = (7).

If the complex scalar field can be thought of as stated in the problem, it should be possible to write
the Lagrangian of the complex scalar field as a sum of two real scalar field Lagrangians, i.e.

1 1 1 1
L=Ly+Ly=50,p10"01 — 5m*pl + 5 0,0:0"0; — gm?p}
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= 0,010 o —m?plop.

From this Lagrangian density, we obtain the following Hamiltonian H:

H:/A%H:/H%<§;?%$¢_E):/H%(dZQ¢+6£;ww“>

= /dgw (@'p + opt — 8,070 +m?plyp)

= /d?’m (¢To+ Vol - Vo +mPplyp).

This expression for the Hamiltonian agrees with eq. (3), if we use the definition of the canonical
conjugate momenta, i.e.

oL —
8(8tS0T) .

= =¢f and «f=
Then we have

H= /d3a: (rrt + Vol - Vo +m2plp) = /d% (7fr + Vel - Vo 4+ m2plyp).

b) The mode expansion of the Schrodinger field ¢(Z) is

= d’ 1 =\ 1T =\ —ip-T
w@z/m&ﬁ@@W”+Ww ) ()
3
o1@) = | G g OP +al @) (5)

Give a(p) and b(p) in terms of the two fields ¢; and ¢,.

1 d3p 1

Y= _((101 +ZSO2) = % / (271')3 \/ﬁ (al(ﬁ)e@w

S

; 3
+% / ((21753 \/21Tp (as(B)e?
d3p 1 ( 1
(2m)% \2E, \ V2
Comparing this result to eq. (4), we see
1 1

a@zﬁ%@+%@%N@=E®WH@@)

Therefore a'(p) and b(p) in terms of the modes of ¢, and ¢, are given by

Il
—
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c) Derive the commutation relations for the modes a(p), b(p), a'(p) and bT(5). Outline how
one could set up the Fock space with particles and anti-particles created from the vacuum |0)
by af () and b' (5).

Writing a; = a;(f) in the first and a; = a,;(§) in the second argument of each commutator,
[a(P),b(9)] = 5 ([ay,a1] —ilay, ag] +i[ag, a1] + [ag, a,]) =0,

[al,aH +z’[a1,a£] -I-z'[aQ,aH — [aQ,ag])

(27)%6%) (5 — ) — (2m)20%) (5 — q)) = 0,

a1, al] —ilay,ab] +i[ay,al] + [a,,al])

(2m)203) (5 — g) + (2m)263) (5 — §)) = (2m)*6®) (5 — q),
[a},al] —z’[a{,az] _i[a;,al] — [ag,aQ])

—(2m)*0® (5 — g) + (2m)*0) (5 — 7)) = 0,

o] e ] —ifaal] + [oh ] =0

NI~ NI= NI NRR NDR NN N NDR N N

To be able to create all Fock space states from the vacuum, we first need to establish its existence.
This can be done by looking at the 4-momentum operator

from which we gather that the Hamiltonian given by H = PY is non-negative, i.e.

dp foan o fog
amyp Eo(¥ | (ol B)a(p) +0 b)) | ¥) >0 Vv,

where we require that ¥ € F, meaning ¥ must be an element of the Fock space, on which the

win| - [

number operators

n,(p) =a'(p)a(p) and n_(p)="b"(p)b(p)



are positive semi-definite, (¥ | afa | ¥) = |la [¥)|? > 0. From (¥ | H | ¥) > 0VV¥ € F, we can
deduce that there exists a state that fulfills

a(p) [0) =0 Vp.
Otherwise, successive action of a(p) on any state |¥) would lead to negative eigenvalues since
Pta(p) |k) = a(B)P" |k) — p"a(p) |k) = a(P)k" [k) — p"a(p) k) = (K —p")a(D) |k),

i.e. a(p) subtracts 4-momentum p* from any 4-momentum operator eigenstate |k) (where we used
[P*,a(p)] = —p*a(p)). Since Fock space states with negative energies were ruled out above, we can
infer the existence of such a vacuum. This vacuum we can use to set up the entire Fock space of
n-particle states via employment of particle and antiparticle creation operators af(5) and b (p):

r
‘p17p27 "-7pn7Q17q27 '-~7qr> = H \/ 2EpiaT(pi> H vV 2qubT(Qj) ’0>
i 1

n
=1 j=

Problem 4.1 (Expression for a(p) in terms of fields)
Show that the creation and annihilation operators in a real scalar theory can be written in
terms of the Heisenberg fields as
i
2E,

1

()
ap—
2E
p

[dembp@), ap)= = [dserGpa), 0

where in z := (2%, ) we can pick z° arbitrarily and u§ov = u0yv — voyu.
Written in a mode expansion, the Heisenberg field ) (t, Z) is defined as

d3p 1

P(0,3) = ola) :/ (2r) \/2E,

(a(p)e~?* + ol (p)e™?),

its time derivative is

3 E ) '
P (t,7) = p(x) = i / (;33 B (e — afpre).

Plugging these expressions into the field expansions of the modes gives

i 3 —iqx; d3p ﬂ t(7)pipz __ =\, —ipT
NIz /d 4 (e z/ eV 2 (a'()e a(p)eP)

3 1 . , ,
_ d’p (a(ﬁ)eﬂpm 4 al (ﬁ)e”’x) (_Z-Eq>6qu)

(2m)3 \2E,
1/d3p/ [ E (- i E L L il
= | —— [ d3¢ L2 (at(p)etr—a® — g(p)eiPraz) 4 4_ (a(p)e ' Praz 4 ot (p)eilr—a)®
V2E, (2m)3 2 ( ) ,/2Ep( )

- #< ~2 (ol (@) — a(-1) + —° (a(—é)+a*<é)>) = 5 (a'@) — a(-0) + a(~) + ' @) = o' (@)

V2E, V2E,

The proof for a(q) follows analogously.

a'(q) = -

Problem 6.2 (Representation of Lie algebras)

An element of a Lie group that is close to the identity can be written as



g(a) =1 +1iaT* + O(a?). (2)

The hermitian operators T¢ are generators of the Lie algebra. They have the commutation
relation

[Ta7 Tb] — Z'fabcTc, (3)

with f¢ the structure constants. The vector space spanned by the generators with the
additional Lie bracket structure in eq. (3) is called a Lie algebra.

a) Prove the identity
[T, [T°,T¢]] + [T°,[T¢, T°]] + [T¢, [T, T°]] = 0 (4)
and show that this implies
fadefbcd + fbdefcad + fcdefabd =0. (5)
Matching colors mark the pairs of terms that cancel:
[T, [T, T°|] + [T, [T, T] + [T¢, [T, T°]] = T°T°T° —T°T°T* — TT°T" + 7T
+TchTa _ TcTaTb o TbTaTc 4 TaTch 4 TcTaTb . TaTch - TchTa 4 TbTaTc =0.
Using eq. (3) twice,
[Ta’ [Tb,TCH 4 [Tb, [TC’T(I]] 4 [TC, [Ta,TbH — ’i(bed [Ta,Td] 4 fcad [Tb, Td] 4 fabd [Tc,Td])
— ,i2(fadefbche + fbdefcadTe + fcdefadee) — _(fadefbcd + fbdefcad + fcdefabd)Te ; 0
— fadefbcd + fbdefcad + fcdefabd =0.
b) What is a representation ¢t* of a Lie algebra?
An n-dimensional representation R of a group G is a homomorphism (not necessarily invertible)
R:G — GL(V), R(x)=f,

where £ € G and f:V — V is an invertible linear map on some n-dimensional vector space V.
Being a homomorphism, R is compatible with the group multiplication of G, meaning for x,y € G

R(z) o R(y) = R(zy), R(z7')=R(z).

Correspondingly, a representation of a Lie algebra is a linear map T*  t* € End(V') that preserves
the Lie bracket, i.e. a set of n X n matrices t* obeying the same commutation relations [t“,tb] =
if%¢t¢ as the generators in eq. (3).

c) Assume that the generators in some representation r are normalized according to

tr(t2td) = C(r)8*. (6)

Show that this yields the following representation of the structure constants fe°¢ =
—% tr([¢2,t2]tS) and that f%¢ is totally antisymmetric.

A general relation that holds true for the generators of any Lie algebra was given in eq. (3). Together
with the normalization in eq. (6), this gives



Z'Qfabd o fabd e rabe
o0 tr(tdte) = o C(r)dde = fabe,

tr([t2, t2]ts) =

Ty r

tr( fabdtdtc) J—

c(r) C( )

Using the invariance of the trace under cyclic permutations, we can show that f*°¢ is antisymmetric:

abc _ __ r([te bltc) — r b ca:_L c ¢bl1a\ —_ __ fcba
e = — s ([, 2085) = — s ([ 5188) = — s (-l 2182 = =
_fbac fbca
__L r([¢€. 12 b L a jcl4b acb
- C(T)t ([tr’tr]t) C(T) ( [t t]t) f .
fcab

d) Similarly, show that the matrices (tlé;) = i f%%¢ define a representation (the adjoint repre-
ac

sentation).

To prove this we make use of the Jacobi identity and the total antisymmetry of the structure
constants:

0= fadefbcd 4 fbdefcad 4 fcdefabd — (_1)2fcbdfdae o fcadfdbe 4 fabdfcde
_(tbG)cd(taG)de T (t(é)cd (tbG)de - ifabd (th)ce
cord (ta) (tlé) — (tlé) C(t(é;)ce — Z’fabc(tg;)de
= ([t&te]), —if* ), = [té.te] =if*" .

Problem 7.2 (Feynman rules in p3-theory)

a) Give the Feynman rules for the propagator, the vertex and the external points in position
space and derive from these the Feynman rules in momentum space for the Ag3-theory, i.e.

Eint - = % 903'
Feynman rules in position space for
« the propagator: Dl(g?) (x —y),
o the vertex: —i\ [ d*z;,
e external point: 1.

To obtain the corresponding Feynman rules in momentum .
space, we compile an expression for a vertex in A@S3-theory T1@_

according to the Feynman rules in position space and then . Dy (zy — 2)

perform the integral over the internal point explicitly. This \\\ ix [t )
procedure should not be mistaken for the Fourier transfor- AREE L SRR °;
mation of the correlator. Rather it exemplifies the derivation e Dr(s =)

of an equivalent set of rules to the Feynman rules in position
space that rely more heavily on writing down expressions T,
based on and calculating integrals over momenta:

>—= —iX [ d*z 13D1(£) (xy — z)DE,?) (xy — z)Dg)) (x5 — 2)

— i) / d4z / dp1 ze_’pl(zl_Z) / dlp, el / d*p; e Pslrsm3)
—md +ic J (2m)t p}—mf+ic ) (2m)" p} —m] +ie

10



)\/ /dp2 /d4p3 i i i
—1
)4 (2m)* p? —m2 +ic p2 —m?2 +ie p2 —mi +ie

X e—ipll’le—ipzzze—ips$3/d4zei(P1+P2+P3)Z_

(2m)26®) (p1+pa+p3)

From the above, we can deduce the Feynman rules in momentum space:

i
e To each line between two points, associate a factor - -
p°—mg + 1€
« To each vertex, associate a factor —iA(2m)46™ (3 py, — 3 Pout)-
—ipT % for ingoing momenta at

e To each external point, multiply a factor of e for outgoing, e

that point. )
« Integrate over all appearing momenta | (dQTp)@.

b) Calculate the symmetry factors for the following diagrams:

1) 2) 3)

S=2 S=8 S=1

Problem 9.1 (Spin sums and projection operator in momentum space)

The four-momentum p satisfies p? = m?2. Let
Ay =z (m£y-p) @
= —(m -p).
+ om YD

Using the result (- p)? = m?, show that A ¥ is an eigenspinor of - p with eigenvalues +m.
Show further that A, + A_ =1, A,A_ =A_A, =0, and Ai = A, . Find vectors u,, v,, r €
{1, 2}, such that

(7'p_m)ur:0’ (7’p+m)vr=07 T€{1a2}7
uug = —v,v, =2md,,, uv, =0, 7 se€{l,2}.

Deduce that
2 2
1 1
he= Logm T A= 2 g @

First we show that A, ¥ are eigenspinors of the operator v - p:

1 1 1
Y-PALY =7 po—(mty - p)¥= %(m%pi(%p)2)\1’= —m(mv‘pim%‘l’

1
= :tm%(mj:v-p)lll =+mA_ V.

Now we demonstrate that A, are projectors:

11



1 1 1
++HA_ 2m(m—i—“y p)+2m(m v-p) 2m(m+'y p+m—v-p)=1,

_ 1 1 1, o
AN = Qm(m—kv P)2m(m v-p) = 4m2(m (v-p)2)=0=A_A,,

1 1 1 1
2 _ . 2 e 2 . . 2 [ — 2 . = —_— . =
AL = e (m+~-p) o (m?*+2my-p+ (v-p)?) — (2m? + 2my - p) 5 (mEvy-p)=A_.

We move on to finding vectors u,., v,., r € {1, 2}, that meet the specified requirements. Note therefore
that the product v - p can be written as

0 I
yop=",p" = ( o 0“59 ) , where 0, = 1, and o;,7 € {1, 2, 3}, the Pauli matrices.
at'p

Then

(v-p—mu, = —mly o,p* Urp ) _ [ T F 0P U ) 1 (0
r otpt —mil, Uy o orpru, | —mu, o 0

2

1
— = — 12 — — gHpH — —  gkHpH v - =
ur,l m Upp ur,2’ U’r,2 m orp ur,l m2 ogrpro,p ur,2 m2 ur,2 ‘/7

where we assumed that u, ; is a two-column vector (or 2 x 2-matrix) to make the contraction

T,
1yu, ; = u, ;. The same will be done for v,:

(v-p+m, = ml, o,p" (1 _ mu, 1 + 0,pHv, o L 0
r otpt mil, Upr.2 okphv, 1 +mu, o 0

—1)2 2
(m2) p v

Kk v - -
orpro,p Ur,2 m2 U’r,2

T,

1
— = — — 12 — _  gHpk —
Ur,l - ma-p,p Ur,27 Ur,2 - ma b Ur71 -

To show that both equations for u, and v, are consistent we used
o.upua.ypl/ — 0.0p00.0p0 o O.ipio.jpj _ (p012)2 _pipja.io.j — (p0)2]l2 —pipj(sijj]-z
2 "
= (1) 1, — P°1, = p’1, = m’L,.

So far, we found u, and v, to be

1 1
u — Y1) = T TPl Uy o o — [P = i OuPH U, o
r ) r :
ur,2 ur,2 UT72 ’Ur,z

One can then make the conventional choice to set u, o = ,/P,0,&, = v, 5

1 1 1
P VA LV L/ S VLN \/aup”puayﬁT = \/0,.D"E,.
m2
Therefore

u = /0. P"E, Y —\/0,P"E,
' VoPE ) T VP& )

We now introduce a basis of the space of two-spinors by £, with

1 0
€12 = (0)’ § o= (1), such that &f¢, =6,.,.

12



We then have

E'I"us = ul70u8 = ui,lus,Q + u:,Qus,l = \V/ O-Mpuo-ypuglés + \V o-p,py,o-ypyglgs

=2md,, = —U,v,,
2 2 2 2 T T
- tA0 ur,l T T _ ur,lur,2 U’T,lur,l
UpUy = UpUpY™ = U ur,?? ur,l - 1 t
r=1 r=1 r=1 2 r=1 \ Ur 22Uy 2 Uy ol 1

RS a6, (o) e, (o)
r=1 \/Gupugr(\/aupugr)T \/mgr(\/ Uﬂpﬂér)T

_ 22: 1\ O'up'u'O'pré-Téi o-upufrgi _ m12 O'up# —p tm
=1 O-Mpué.ré.?t vV o-upuo-upyé-rgi G#pu m]lQ

The analogous calculation gives Zi: L VpUp =7 p—m, e the sign of the mass term flips. Therefore

_ 1 1 1
uTuT—%('yp—i—m), A—__Z%UTUT__%(V'p_m)'

r=1

2

Ay =)

r=1

[(\&)
S

Problem 9.2 (Gamma matrices and SO(1,3))

The Clifford algebra for y-matrices is described by the anticommutation relations

{7} =201y,

a) Show that [y®y*, y#9"] = 2pMqty” — 2phqty? 4 2 aka — 2n kg,
e vy ] = [ e+ T = I R+ iy

FHy ]+ e I

i 0 e e A e Lt e A e L e e L e e
Rt A A S G Lot e e A e L e e A (e G e T

=y {7 = (I N Y =

=MLy = 2N Ry 2N Ly — 2 L

VTN SR STV SV S OIS OIS

b) By expressing S" = % ['y"”,fy)‘] as %(fyﬂ*y)‘ — 77”)‘), etc., evaluate [S'”\, Skv].

(,.yn,y)\ _ nn)\ﬂ4),

N =

(v = (=" + 20y)) =

1=

(,yn,y)\ _ ,y)\,yn) —

N

1
SH)\ — Z [,yn’,y)\] —

1
[Sn)\’ S;LI/] — Z [,YH,YA _ 775)\14’ ,y,u,,yu _ 77‘“”]].4]

4

1
7 ([7“7\7“7”] = [ ] = 1] + [, n‘“’h])
0 0 0

1
(2,'7)\;47571/ _ 27]5;1,,)/)\71/ 4 277)\1/,.}/;1,,)/1-@ _ 2nnu,yu,y)\)

4
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— (nAp,yn,yl/ _ nAunm/ + n)\;tnrw o nn,u,.y)\,yr/ + nnun)\u o nmtn/\u

+n)\u,yu,yn _ ,,,,)\l/,r]/.ui + n/\un;m o nm/,y/,c,y)\ + nriunu/\ _ ,r]m/n/:,/\)

N =

— ,,7)\;15151/ _ nn,usf)\i/ + 7,’)\1/5;“& _ nm/SMA’

where the colored terms cancel pairwise.
c) Show that, if $¢ = %¢&,;,777*, then [§%, 97] = ie,;;, S

St = Z%ﬂj’yk = ggijk(’Yj’Yk —7*y) = gsijk[’yja’Yk] = §5ijksjk

? 1

1
B Eklmslm = —§€kij€kzmslm = D) (5il5jm —9

m

- ZEZ]kSk - IiEijk 5

Jl

)Slm

1 1 .. . 1, . y -

L (u S 8, S™) = (89— 5) = L (594 57 = s
o 1 1

(5%, 87) = — 1 Eikigmn [SkE, §mn] = —Z5ik15jmn(—5lm5k" + O S — 6,87 4 6,,8™).

In the above expression, the indices k, [, m and n are summed over. Hence, they can be freely

relabelled:
. . 1
[SZ7 S]] = Z 5ilcl{':jmn (5lmSkn + 5km‘9nl + 6lnSmk + 5anlm)

— kn __ kn __ kn
- Eikl‘gjmnélms - 8ikm8jmn5 - Emiksmnj‘s

d) Show also that [y°, S‘] = [v°,S%] = 0, where 7® = iy%yy293.
0%, 8% = e 7T =0,

5 Q1 i2 01 2-3~7~k kA0 1243 i2 kA0 1,2,3 kA0 12,3
7,8 = T (VY P =) = e (YR I — vy ??) = 0.

e) Now show that (S!)* = (52)% = (83)® =

T

2
i . 2 1 1 1 1
(51)2 — (Zgljk'yj')’k) — _1_6 (7273 —73’)/2)2 ——_—|9. 5 [72,73] I ,7273)2
1
4

1 1
- _4_17273727 _ _172 (_,},2,},3 + 27732) A3 =
(52)2 = (53)2 = 11, can be shown analogously.
f) Verify these results for the particular representation

1, 0 ; 0 ot . 1(0t 0 01
0 __ 2 T __ [ 5 __ 2
~ _(0 12>, 7_( i O) and show S—2<0 Ui)’ v ( )

in this representation. What can you deduce about rotations and spin in the Dirac field theory?
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To show the explicit form of ¢, we first take a look at the Pauli matrices. They obey both powerful
commutation and anticommutation relations:

i 31 _ o k A R i i osij
[0, 07] = 2ig; 0%, {0*,07} =o'’ + 070" = 201,
From adding a term oo’ to the anticommutator, we see that
g )
20'07 = ') — oot + 2691, = 2i5ijkak + 26%1,,
g.a0lcf =ie. e o +e... 871, = 20"
ijk =1 &€4kE k1 ijk 2 = .
—— ————
26, 0

With the above relation, it is easy:

S S 0 o 0 o\ _i_ (090 0 _b o (ot 0 _ 1[0t 0
5= g = g (—aj 0 J\ o, 0) 7% 0 —00,) "1 0 o) 200 o)
5 - 0.1.2.3 . 0.1f—09053 0 .0 0 —010903) _ . 0 —010503) (0 1,
TEWYYYT =0T < 0 —0203) =% (010203 0 ) _Z<—010203 0 S \1, 0 )

where we used in the last step that 0,04 = io3 and 02 = 1,, i.e. —io;0403 = 1. Since S** satisfies

the Lorentz algebra, we showed that the S* are a subalgebra of so(1,3). The explicit form of

St is block diagonal, where each block alone satisfies the su(2) algebra. Since the blocks are 2-
1

dimensional, the S* form a 5 @ % representation.

Problem 9.4 (Global symmetries of the free Dirac action)

a) Under global translations x — = + ¢ the Dirac spinor field transforms as
U(z) = ¥(z) — 9, ¥ (x) + O(e?). (7)

Review the discussion of the canonical energy momentum tensor in the free scalar theory and
deduce the form of the canonical energy momentum tensor T#" for the free Dirac action. Also
give the form of the conserved 4-momentum operator P* and compare P° with the canonical
Hamiltonian. Hint: Since the energy-momentum is only conserved on shell, we can implement
the equations of motion directly in T#”. The final result will then be

TH = iU (z)y*0V U (z). (8)

From eq. (7) and ¥(z) — ¥(z) + 6, ¥ (x) + O(e?), we gather that

6,¥(z) =—0,¥(z) = —i\Il(x)

’ oxH
L is known to be a local function of x and therefore transforms as
L— L—e"d,L+ O(e?).
Again, from comparing the above to an expansion in orders of variations,
L— L+e",L+0(e?),

we get that 6,L = —0,L = —0,n", L. (F*) asiné, L =0,(F") isgivenby (F") = —n", L. Even
though the first variation of the second degree of freedom of the Dirac field ¥ (z) appears in the
Noether current as well, it does not need to be computed here because its prefactor - (6‘9‘;’ 7= 0
H
vanishes. The four Noether currents (j#) (one for each continuous symmetry parameter in £”) can

be written as
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oL oL
(), = 5o 0,0 +

6, Ut — (F#) = Tink(—0,0) + 1, L.
5(6,9) " ¥ (5,1 (F"),, = Vin*(=0,9) +n*,

The overall sign of a Noether current is a matter of convention. Choosing it such that the energy
comes out positive, the energy-momentum tensor T*” = —(j#)” on-shell, i.e. using (iy“@u . m)\IJ =
0 so that £ = 0, reads

TH = {Tyro" .

The conserved 4-momentum operator P := [ d3xT°* and the Hamiltonian H := P° are
Pt = /d%mﬁaw, H= /d%iqﬁat\y.

With the canonical momentum 7 = g—é = iWT, the canonical Hamiltonian is Ik d3z (W\if —L) =

[ d3zi¥19,¥ on-shell, in agreement with P°.

b) Give the infinitesimal version of the transformation of the Dirac spinor under a Lorentz
transformation

Tz — exp(—%wuyj“”)x (9)

with J#¥ as given in the lecture. Deduce that the conserved current associated with Lorentz
invariance can be written as

(TP = g°THP — gPTH — Uyt SPOT, (10)
8“3 P vanishes on-shell.

To find the spinor representation of the Lorentz algebra so(1,3) we start from the Clifford algebra
Cliff(1, 3) defined as the algebra spanned by m X m-matrices (’y“)AB, pe{0,1,2,3} and A, B €
{1,...,n} such that the following anticommutator is fulfilled:

{7,y =y F it =2y
)A

The central point is that given matrices (y*)” , as above, the objects (S”")A 5 defined as

A D s1A
(577) " = 70717

form a representation of so(1,3), meaning they obey the same commutation relations as the
generators J*° of the Lorentz algebra (cf. problem 9.2 b) with SP7 — —iSP?):

[Spo*7 S‘rn] — i(nanaT + ,,,’O'TSpli _ inSo% _ ,',]UfiSpT)‘

Thus, every representation of Cliff(1,3) induces a representation of so(1,3). Now, as stated in the
problem, a finite Lorentz transformation A¥, is given by

AMV — [e—%wpojpo]“ ,  where (jpcr)lw — i(npﬂ«nau _ npuncm)'
A spinor representation for every one of these A € SO(1,3) is given by

S = [eiee]"
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where A, B € {1,2,3,4} for Cliff(1,3) are called spinor indices. We are to find an infinitesimal
version of the Dirac spinor transformation under the above Lorentz transformation. In general (also
finitely), a Dirac spinor transforms as

UA(z) — [S(A)] TP (A1),

To find the infinitesimal version, we insert here the above expressions for S(A) and A and expand

to first order in w,,,:

. I 1
(A_l)ﬂl, = 14 + %wpojpa + O(wio‘):| ~ &uu - éwpa ("7’)#7701/ - 77pu770”)
v

1 1
= 6“1/ - 5 (wuu - wuu) = 5NV - 5 (w/J'V - nauwau)
1 1
= 5“1/ - § (wuu + nauw“a) = 5'uu - 5 (wuu =+ wuu) = 5#11 - w“y’
A i po 2 4 A 1 p ~olA
[S(A>] B~ ]]'4 - 50‘),00'5 +0(wp0') B ~ 6 B+ gwpoh/ » Y ] B
A
A 1 PAO o) A 1 ool A
:5B+gwp077 +wo‘p’7ry :5B+1[wpo"77]3'
[ —
pso B

Therefore, to first order a Dirac spinor transforms as

(o) — S (A1) = (8% + § [oporr] ) UP((6, — w0, )o™)

—————
eH

1
= g4 (x’” — w“,,x”’) + 1 [wpg’y”’)/”]AB\I’B(a:’“ — wh ')
1 A 2
~ A (A v Al o B,/ v
~ U (') — wh 0,v (") + 1 [wpo,'y"y ] B\IJ (") + (’){(w“ym ) ]
The conserved current associated with this symmetry transformation will not be derived here.

c) Show that the Dirac action exhibits the following global U(1) symmetry
U(z) — e U(x), ¥(z)— T(z)e ™, acR

and deduce the corresponding Noether current j* = —U~y*W. Also give the form of the Noether
charge @ in terms of the modes of ¥(x).

The Dirac action under a global U(1) transformation behaves as follows:
S = /d%ﬁ’ = /d%@’(i’y“@u —m)¥’ = /d%@e“’(i’y“@u —m)e W
= /d%@(i’y“@u — m)\If = /d4x£ =S.
It remains unchanged, hence the above U(1) transformation is really a symmetry. Since the

transformation is generated by a continuous parameter a € R, we can write it infinitesimally by
expanding e’ to first order in o

U(z) — ¥ (z) = ¥(z) = ¥(x) + ia¥(z) + O(a?).
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By comparing this expression with an expansion of ¥'(z) in orders of variations, i.e. ¥'(x) =
VU (z) + ad¥(z) + O(a?), we see that §¥ =¥, From L' = L, we know 6L = 0 and therefore F*
is constant (0L = 0, F*) and can be set to zero as constant terms in a current are of no physical
interest. j# then reads
oL oL — —

0V 60T — FH = UiyHi U = —TUyH T,

0(0,%) 9(3,¥1)
N —  —

0

=

The Noether charge @ in terms of the modes of the field ¥(z) can be obtained by integrating the
current’s zero component over space and inserting the free mode expansions for ¥(z) and ¥f(z):

Q= /d3:vj0 = /d3x<fﬁ'yollf> = 7/d3m\IJTlIJ

-3 I 5o [ o 3 (a0 + (D) (0@ @)+ 60 () [ et

=—> / ﬁ 75 (@ @)ul®)a. (p)u,(p) + ol (p)u (p)b(—p)v, (—p)
+b,(—p)vl (=p)a,(p)u,(p) + b, (p)vl(0)b](p)v, (p))

-3 [ ok 35 (@L0)e, (2B, 0, 40,0 0)25,5.,)

d?p + ;
= _Z/ @) (al(p)a,(p) — bl(p)bs(p)) — /d 5®)(0),
where we exploited the spinor identities

ul(P)u,(P) = 2E,0,, = vl(B)v,(p) and ul(D)v,(—p) =0 = vl(-D)u,(P)

and the anticommutation relation of b,(p) and bl(q),

The second term in @ is clearly divergent but independent of both p and z. It is just an added
constant lacking physical meaning. Before applying the charge operator to physical states, this
term must be dropped.

d) Show that if m = 0 the Dirac action admits, in addition, the so-called axial symmetry
U(z) — e’ U(z), U(z) — T(z)e™®”, aeR,

which you should interpret as an independent rotation of the positive and negative chirality
spinors. Here v° = i7%y!42+® and {+°,7*} = 0 as discussed in the lecture. Deduce the associ-
ated conserved current.

For m = 0, the Dirac Lagrangian reads £ = 2@7“8“\1!. To see how it transforms, we calculate

oo 5 op)_— oo _ n )
e =ty %(iavs)n rroies nl,) (iar®) "y = ek,
2l .

n=0

L= iﬁeia757"aﬂei°‘7slll = (Wi’ e—mswaﬂ = ﬁ«wauxy =L.

L stays invariant and therefore also the action does not change. To find the associated conserved
current, we note that

U= e’ U =04 ia’ U4 0(a?) = 60 =00, 6L=0 = Fr=0,
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Problem 10.2 (Yukawa interaction and Feynman rules)
Consider the following Lagrangian
1 " L o Flin —
L= B L pOF o — M + U (iy 9, —m)¥ — gpU ¥
of a massive Dirac fermion ¥ and a massive real scalar ¢ coupled by a Yukawa interaction with
a real coupling constant g.
a) Deduce the mass dimension of the coupling g.

In natural units, we set A = 1. Therefore, the action S has mass dimension zero. From this we can
deduce dimensions of other quantities:

0=[S] = [d4rL] = —4+ (L] — L] =4,
4=[L]=[m*¢?’] =2+ [¢?] = [ =1,
4=[0) = [Fm¥] = 1+ [¥2] — [xp]:g,
4:[£]=[g¢$qx]=[g]+1+z.; — g =0.

b) In the previous exercise, we discussed a quick way to compute the S-matrix to leading
order in the coupling constant directly in the quantum mechanical interaction picture. Use
this procedure to compute, from scratch, the complete leading order scattering amplitude for
scattering of two fermions with ingoing momenta p and p’ in Yukawa theory. The result is

S ;
M = />____<\ I
P P’ (6)

e a(k'>u<p>) .

This exercise is far too lengthy for the exam and therefore does not need to be considered further
at this point.

Problem 10.3 (Parity)

Parity is the discrete map P :x — 2’ = Pz, P(2°,2) = (2°,—%). To find the transformation
of the Dirac spinor field ¥(x) under parity transformations we seek for a representation of the
group of parity transformations

U(z) — ¥ (z) := PU(z)P~! := S(P)¥ (P 'z), (8)

where S(P) acts on the Dirac spinor.
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a) Deduce the necessary condition for S(P) such that the Dirac equation is invariant under
parity transformation and verify on the basis of the Clifford algebra that S(P) = +° satisfies
these.

We take this as a definition of the parity transformed spinor field, i.e. ¥(x) transforms as
U(z) — m°¥(P'z’), n? =1, where we set n = 1. (10)

The Dirac equation (iy“@u — m)\IJ(:U) = 0 is obtained by varying the action of the free classical
Dirac field

S = /d%ﬁ(iv”@# — m)\I/

with respect to U'. Demanding that the Dirac equation stay invariant under parity transformation
results in

(940, —m)U(z) =0 —> (iy#0" —m)S(P)¥(P~13') = 0.

Here, it shouldn’t make any difference if we first transform the spinor and then act on it with the
transformed operators in the Dirac equation or first let the old operators act on the old spinor and
then transform the so obtained spinor, i.e. we can further claim

(iyh 0" —m)S(P)¥ (P 'z’) = S(P) (in"0, —m)¥ (P ta’).

We have essentially commuted S(P) with v* and found that this gives us a minus sign in the three
spatial components. That is akin to saying S(P) fulfills the following relations:

[S(P),1°) =0, {S(P),}=0.

Incidentally, thanks to the defining relation of the Clifford algebra {v*,~v"} = 2n#*1,, we find that
7? satisfies the above. In general, S(P) is therefore given by

S(P) =m",
where we conventionalize by setting n = 1.

b) Show that parity flips chirality, i.e.
P (S(P)¥, (P '2")) =0, PR(S(P)¥ (P 'z))=S(P)¥ (P '), (11)

where P, = 1 (1, +~°) is the projection operator onto chiral and anti-chiral spinors ¥, = P, V.
You may use the above representation in eq. (10).

Since {y*,7"} = 2n*¥1,, 7° anticommutes with 4%, where i € {1,2,3}:
{1t =2"1, =0.
From this, we can deduce that also 4° and +® anticommute:

{1°7°} = 1%10"71929% + in 7192790 = 20019290 + (=1)%9%iy %y 1y = 0.

Since we are allowed to use eq. (10), we can write

PSP (P71')) = (1, 2470 P W, (P10) = 101 (1, F 7°) U, (P'a)

2
=R, (P '2') =+"R.P.Y (P 'z') =0,
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1 Aol .
5 (L F PN L (PTa) =905 (Ly £97) Ly (PH)

=P U, (P '2')=7"P. P Y (P 'z’) =P (P '2') = S(P)¥, (P '2).

PL(S(P)¥, (P~a')) =

c) Determine the transformation behaviour of the spinor bilinears ¥ (z)¥(z), ¥(z)y>¥(z),
W(x)y"¥(z), and ¥(xz)y*y°¥(x) under parity transformations and also under continuous
Lorentz transformations.

Note: The object W(z)y*¥(z) is called a pseudo-scalar and the object W (z)y*y°¥(z) is called
a pseudo-vector or axial vector due to their properties under parity transformations.

U(z)¥(x) il S(P)¥(P1z’)S(P)¥ (P lz') = [S’(P)\II(P_Im’)]Jr V0N o (P lg)

= 0T (P~ 12")ST(P)¥(P1z') = Ui (P~ 1z’) (’yO)Jf U(Pl2/) = ¥(Pl2)¥(P12),

U(z)¥(x) A, S(A)U(A-1z")S(A) T (A1) = UT(A~1)ST ) 0S(A)T (A1)
= UT(A12") /%90 ST(A)YOS(A) T (A~ 2") = TT(A12")7"9 8T (A)y°S(A) T (A1)
1, S-T(A)

= U(A12) T (A1),

U(x)y°¥(x) il V(P 12")ST(P)YOy5S(P)¥ (P~ tz’) = UT(P1z) 4040 45400 (P~1a")
= —UT(P712/)y%50 (P 1a’) = —0 (P 12/ )50 (P 1),

U(z)y°¥(x) Ay gt (A712")ST(A)YO°S(A) T (A 1a’) = UT(A 12" )OS L (A)7°S(A) T (A1)
= U (A 12" )5S H(A)S(A) T (A 1a’) = U (A 12" )5 T (A1),

where we used that [S™!(A),7°] =0 since S7!(A) = e7@wS" and SM  [y*,~”] commutes with

5.

T(a)y"U(z) —» UH(P12)SH(P)yOr#S(P) T (P a’) = T(P'a’) 4% 4, (P 'a’) = T(P~'a' )y, (P '),
1,

T ()" U (z) - U (A12)ST(A) Oy S(A)E(A2") = T(A~12") S (A)y ™ S(A) T (A1a),
AHU’YU

U(z)yHy> () Ly gt (P~ 12")ST(P)Y'y*+°S(P)¥ (P~ ta’) = UT (P12’ )yHyPy 00 (P~ 12)
= —\I/T(Pfla:/)'yo’yu’y‘r’\I/(P*lx/) = —@(Pilx’)'y#’yﬁI'(P*lw'),

T(a)y "y B(w) > UH(A12)ST(A)y 94 S(A) T (A2") = T(A~2')S~ (A)y#9°S(A) T (A~a)
= U(A 2 )AH 4P T (A1),

Problem 11.1 (The Yukawa potential)

Here, we will analyse and ‘derive’ the classical potential for Yukawa theory, where the interac-
tions between fermions are transmitted by a scalar field . As discussed on assignment 10 in
problem 10.2, the Lagrangian of the theory is

1 1 — —
L= 3 PpOFp — §m2g02 + \I’(i'y"au — m)\I’ — gV, (1)
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The Feynman rules are given in the script. Now analyse the following two processes.

a) Electron-electron scattering: e~ +e~ — e~ +e™.

At tree-level, there are just two diagrams contributing to electron-electron scattering. The scattering
amplitude is given by

e p,s e k',r e p,s e k', 1

—— 0., (Ku,. (k) —u. (K )u _
T ) e ) s

b) Electron-positron scattering: e~ + et —e™ +e™.

This so-called Bhabha scattering also has two diagrams contributing to the scattering amplitude
at tree-level. While the second diagram from part a) is no longer an option because the particles
are no longer indistinguishable, we can now have electron-positron annihilation, i.e. an s-channel
diagram. It enters with a relative minus sign from Fermi statistics:

e p,s et k,r et k,r e p,s
M= > ______ — > ______
q=p—p q=p+k
e p,s et k', r’ e p,s et k' r’
) )
=, (p’ —ig) ——————— (—1 k. (k) —u.(k —1g) ———————= (—ig)u . (p" v, (k'
Uy (p")us (p)(—ig) (pip,)Qim?a( 9)v,(k)v, (k') — 0, (k)u,(p)(—ig) (p+k)2—m§( 9)uy (p')v, (K')
1
=—ig’| T, (p —— 0. (kv (k) —7.(k —— . (p v (k) |.
ig (u 00) i B ) TR0 T >>

Problem 11.2 (The Klein—Nishina formula for Compton scattering)

We now look at the process of Compton scattering at tree-level in QED. The Feynman rules
for QED are listed in the script in section 4.6.

a) Use the Feynman rules to write down the tree-level Compton scattering amplitude and bring
it into the form

KAV L DbV ) N Y T
iM = —ie’e, (K, X )e, (k, /\)ﬂs/(p’)<7 Ky + 2v'p + 2 Ko' —2v'p )us(p)-

2pk 2pk’
At tree-level, Compton scattering can take place in the form of two distinct processes. In e~ + v —

e~ + 7, the electron can either first absorb, then emit a photon, making it an s-channel diagram,
or first emit, then absorb a photon, which results in u-channel scattering;:
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ivp+k) +mg), .,
b+ kP —mz T @len (k)

i(y(p = K) +myp)
(p— k)" —mj

— icten (K X)e (k. A)as/(m(wmw +v“ww)us<p>.

= T (02 (K, X) (—ien)

+ﬂs’ (p,)su(k7 A)(_Zefyy) (_ie’yu)us (p>52(k/7 )‘/)
2pk —2pk’

Using the Dirac equation and the anticommutation relation of the Clifford algebra, y#y" =
—yYy* 4+ 2n*¥1,, we can simplify the numerators:

(74 mo)v u,(p) = (YD, + Mo )7 us(p) = 20" 1yp,uy(p) + 7 (—7* D, + Mo ) us(p) = 29" u,(p).

=0 (e.o.m.)

Using this equality, we can write the scattering amplitude iM as

Ky +2p” KA —2pt
=22 2L (),

. __in2 % (1. )/ u.(p
iM = —ie’ey, (k' N )e, (k, \)ugy (p )< 2pk 2pk’

Parts b) through g) are too technical for the exam and will thus not be solved here.
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