2. Finite Groups

Lecture 3, Group Theory, Prof. Daniel Roggenkamp

Lecture notes by Janosh Riebesell, 22.04.2015

A group G is finite if |G| < co. |G| is called the order of G.
Remark:
(i) H C G subgroup = |H| < 0o

G = U gH, multiplication is bijection = |gH| = |H|
geG/H

= |G| = |G/H| |H|
|G/H| = |G : H] is sometimes called the indez of H in G.
Orders of subgroups divide the order of the group! [Lagrange’s theorem]|
(i) geG:T,=={g" |ieZ} CG,|T,| <0
=Inm:g"=g"=3IkeN:gF=e¢
=TI, = {e,g,gz, gt = e} =7,

k =: ord(g) = ord(T},)

Lagrange theorem = ord(g) | |G].
What does this mean if |G| is prime?

=ord(g) =|G| Ve#geG =

Examples:

(i) Z,, D Z, generated by [q],
Z,, O Z, generated by [p]

(i) |D,,| = 2n:

FSi = {6 = RO?Si} C Dn,
Z, ={Ry, .. R,_1} = FRl cD,,

Ip, =T% , nodd, n = pq, I’Rp =Z,

Finite group G = {gl, vy gn}. A group is specified by its multiplication table (you can describe all groups

by giving the multiplication tables):

G| o 9o - G Gy
g1 | 9191 G192 - 919 -+ G919n
92 | 9291 '

95 | 9591 9;9;

9n 9n91




Example:

Note: since multiplication is a bijection in G = all rows (columns) are permutations of the first
row (column).

9:9i 99 = 9r (i), Tg € Sy

h(g9;) = h(gﬂg(i)) = Grpomy (i)
Il
(h9)9; = Gr, (i)

= m:gt> 7, is a group homomorphism G — S,
T,=e€S, = (i)=iVi=>g=e
—m:G < S, is injective
= G =n(G) C S, all groups of order n are subgroups of S,, !

Importance of S,, for physics:
« statistics of particles in quantum systems.
 representations of S, govern the representation theory of SU(N).

Symmetric group:
S, =Bij(S ={1,...,n}), |5,|=n!

Notation:

cee .

%// T draw a row towards where the number goes
cee .

1

or

Example: S, > 7 cyclic permutation of (1,2,3,4):

"=\2341)" /) /A
1 2 3

Example: What is a Cayley subgroup of Z,?



9: =10, go=e g=[1], g2=1[2, g5=13]

12 B

Te=\12 o T T ’
12 B

T2 = \3 4 T3 =

H {7'(' 71'[1 [2],7'('[3}} C S4, H = Z4

T Z4 — 547 9i9; = Gi+jmod 4
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o Cycles: special m € S,, which cyclically permute subsets of S = {1,...,n}:

Sn > (507 "'751971) N L Si+1mod k

r€S\{sg, -, Sp_1t T

(134) € S, : (é i )

There is a k-fold ambiguity in notation: (s, 81, ..., Sg_1) = (S1, 89, -+, Sk_1,50)-
Non-intersecting cycles commute:
(81.-8)(87..-8%) = (87..-8% ) (S1..8;) st {sy..s,}N{s]..50} =@
Important fact: All 7 € S, can be written as a product of non-intersecting cycles!
Proof: Choose any 7 € S,,. Define an equivalence relation on S = {1,...,n}:
T~y & JNeNy:y=7l(z), T, =Z, for some k
S = U equivalence classes = U orbits under I,

S=8uSty..u8™, S ={s;,7m(s;),72(s;), ..., 7 (s;)}, my; =5

= (81, 7(81); ey T171(87)) (89, T(89), o) (855 o) e (Sps T(S1) ooy T 1 (5,,))

product of non-intersecting cycles

Example:
o (1 23456 7)
4162537

S={1,4,2} u{3,6} {5} U {7}, =w=(1,4,2)(3,6)

Fact: Under conjugation, cycles of a particular length go to cycles of the same length.
c€S,, (81,.,8;) €S, 0(s1,..y85)0 1 =(0(81),.-,0(8))

Proof:

0(81--85)0 1 (0(87)) = (515, 81)(85) = 0(5441)

= (8, -, 8;)0 L = (0(81)...0(8})) O

The conjugacy class is determined by the length structure of the cyclic decomposition.

Conjugacy classes are characterized by the cycle structure (kq, ..., k,,), where k; > 0 is the number
of cycles of length 4,



Ziki =n,

%

all permutations
—_

n!

N
permutations of cycles
of same length

i SN——
cyclic permutations
in cycles

where e.g. (5155835) = (898381) (i: length of the cycle, k;: number of cycles with length 7).

Reparametrisation: (ky,...,k,) = (A1, .y A,),

n
A = kj (); is the number of cycles of length at least 7)
7=t
n n n
ki=Xi= A D N=) > k=) jkj=n
i=1 i=1 j=i ;

(A, .-, A,) is a partition of n.

Characterize conjugacy classes:

cycle structures — {(kl, o k) | k>0, szl = n}

partitions of n — {(Al, oA AL = A > >, > O’Z)‘i = n}

conjugacy classes of S,
Nice way to visualise partitions by means of Young diagrams.

The Young diagram associated to (Aq, ..., \;) is a picture of n boxes in columns of heights A;:

O ~ n boxes all together

)‘1)\2 )‘k
Example: Sg: (+)(-)(- ()
k2 - 2 Az = 3

# conjugacy classes of S, = # of partitions of n = p(n):

p(1) =1

p(2)=2 2=2+40,1+1
p(3)=3, 3=3+0,2+1,1+1+1
p(4) =5

p(5) =17

Generating functions:



kl;[l(l—lxk> :E[Zwki =;wnp("),

>0
l+z+22+. )1+ +2* +25+. )1 +22 +28 +2°+ ).

e Specific cycles:
» transpositions:

t=i+1
o, = (i,i+1): i+l 0,0, =€
rer, r+ii+1
S,, is generated by transpositions (all = € S,, can be written as products of transpositions).
Proof: Take m € S,,, m(n) =
T =0, 10, 9...0;,7, 7(n)=n.

If 7 is a product of transpositions, then so is ™ = 0,0, ;...0, 7.
S, = {e,(12)} is generated by transpositions.

length(7) = min{k | m= ail...aik}
Define ¢ : S,, — Zy:

Py, wy) = [[ (= 2y),

i<j
o P(xﬂ(l), ...,mw(n))
p(m) = PP € {+1},
QD(’?TO') _ p(mﬂo(l)y -..,xﬂ'o'(n)) _ p(.’Eﬂ—g(l), -..7377ra(n)) ) P(iﬂa(l), ...,.’L‘U(n)) |
p(zq,...,x,) p(ma(l),...,xg(n)) p(zy, .y T,)
o(m) »(o)

90(01') =-1, (p(’n‘) = (_1)length(ﬂ-)’
ker(p) = {m | p(m) =1} = {7 of even length} < S,,
A, : alternating group, S,,/A,, = Z,.
Remark: Finite (simple) groups have been classified:
» cyclic groups Z,
e alternating groups
e simple groups of Lie type
« one of 26 sporadic groups (Monster)



