4. Representations of Finite Groups

Lecture 5, Group Theory, Prof. Daniel Roggenkamp

Lecture notes by Janosh Riebesell, 20.05.2015 and 27.05.2015

|G| < oo, complex representations.
Fact: Any representation of G is fully decomposable.

Proof. W C V (repr.) is an invariant subspace. Choose a projector my : V'— V onto W, i.e. Im(7,) =
W. Define

1 _
= €] Zp(g)ﬂ'op(g H:v-ov.
geG
i) m is still a projector on W,
ii) 7 is an intertwiner.
From this it follows
i ject
V TS a p:I‘O‘]eC or Im(ﬂ-) @ ker(ﬂ-)
S——— S———
w is invariant subspace,

because 7T is intertwiner
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Any representation p of a finite group decomposes into a sum of irreducible representations:

on &n
p:pl 1®®pk k7 anNO

Remark: Proof by averaging over the group — can be repeated for non-finite but compact groups,
where instead of summing, one can integrate.

Decomposition
Start with a representation p : G — GL(V),

1

™= @Zp(g):V—)V.
geG

o It is a projector on the invariant subspace



C:={veV|plgv=nvVge G}

= % > plgp(h) (g gh™t) = é > plg) =

I ghe p(gh) 9eC

(ii) v e VE: mv=v = 7| e =idye = VE C Im(7).
1
plg)mo = p(o) 17 > plh)w = 7w

heG

= Im(7) C V¢ = V& = Im(7)
— 7 projects on V& = Im(r).

We want to know the dimension of VE:

dim(VE) = Try (r Z Try (pl9)) Z X, (9

QEG o (@) =xv( g) QEG

where x,(g) = xy(g) is the character of the representation p, V.
Apply this:
Hom(V},V,) =2 V;*®V, carries repr. p; ® ps,
P1®pa(9) : f = pa(g) e fop(g™),
Hom(V,, ;)¢ = {f € Hom(V;, V) | po(g) © fopi(gt) = f} = space of intertwiners.

If p; and p, are irreducible, by Schur’s lemma

: G\ _ 1ap1 = po
dlm(Hom(Vl’Vé) ) - {0 otherwise.

Then:

Lpy=py _ - _ -1
{0 thermise = |G| > Xprep,(9) |G| > Triey, (71(9) ® p2(9)  (Pr(9) = pi(g™) on )

geG geG
Z Trv p1(g Tlfv2 p2(g Z x1(97")xa(
g€G X (g) geG

2

@l G| Z xi(97") - x;(9) = &;; (for i, running over irreducible representations).

geG

V=1 oo™, Hom(V @Hom 1V,

n;, = TrHom(V ’G‘ Z sz _1 Xp

geG

From characters one can obtain the decomposition of V.

Can do more: identify the respective subrepresentation.



Next step: how to localize a subspace V, in V.

. ®
Projector on V"™

)
im(V
Moy = \Tf > X, (g7)lg) V= V.
geG
i) m, is an intertwiner:
Tp, © |G] me ) ]G\ me (hg'h™")p(hg) = p(h)m,
——

geG geG

Xpy(a71)

by cyclicity of the trace:

Xp, (hg™h71) = Tr(py (hg ' h™)) = Tr(p; (R)py (g7 )1 (B71)) = Tr(py (B 1) py(R)pr(g71)) =

ii) 7, is a projector:
di
W% - |G|2 Z Xp, (g_l)Xpl (h_l)P(gh) (Qth_l)
g,heG
d —
|G|2 ZXPI Xpl (h 1)p<g) = |61’ prl (g l)p(g) = 7Tp1,

where we used Ex. 3c¢) from problem sheet 2:

Xhzxpi(hg_l)xpj(h_l) = Xp,(971) 7~ 035

. @D
iii) m, projects onto V; "

C V. Look at the representation
Im(ﬂpl) = V1EBn/1 PR V®nk.

Want to show that n] = n;:

= 151 D Xp, (97 ) Xuu(n, 1(9):
]G\ 2 m(r,,)
Xia(m,)(9) = Tty )P(9) = Try (m,,0(9)) = Z Xp, (K1) Try (p(h)p( Z Xp, (R
he@ Try(p (hg»:xV(hg) hea

, d _ _ _
n; = @ > X, ()X, (B )xv(hg) (g h71g)
g,h

‘G’Z ZXp _1h Xp1<h ) ( : ’Ll ‘G’ ZXp _1 XV ) 5

geG

n;

— T, projects onto VM V.

Characters of irreducible representations
X,(9) = Tr(p(g)).

Properties

Tr(py(g71))-

XV hg)a



Xp,@p,(9) = Xp, (9) + X,,(9),

Xp,0p,(9) = Xp, (9) * X,,(9),

) X

) X

iii) x,(e) =dim(p) (dimension of the representation space),
)
)

X,(97") = x,(9),

V) X p(h*1 gh) = x ,(9) by cyclicity of the trace: x, only depends on the conjugacy class of g!

— X, is a class function.

Space of class functions:

CH=(G) ={f:G—=C| f(h™'gh) = f(9)}
is a vector space, with

dim(C%*(G)) = # conjugacy classes in G.

On this space define a Hermitian form

(0.8) = g1 D al9)Blo).

Xi = Xp, € C(@) (p; irreducible), (x;,x;) =0;; orthonormal set

— # irred. repres. < # conjugacy classes.

Want to show: x; are an ON basis of C#5(G)
e ¥, are linearly independent
e — characterize representations completely.

Proof. We have already seen that the x; are an ON set in C®%(@). It is a basis if (a, Xj) =0Vj=
a=0.

Assume (a, x;) = 0 Vi.

This is an intertwiner:

00 p;(h) = Zﬂpz(gm (g hgh™")

= Z (hgh~V)p;(hg) = p;(h) > alhgh~1)p,(g) = p;(h)ki — intertwiner.
T —
a(g)

V; irreducible, by Schur’s lemma: @i = A;idy,,

M = Tr( sOQ _ Za DX, (9 |Q| (a,x,,)=0 = Vi

dim(V, d;
= Z =0 Vi
= Z =0 V repres. p.

Find a representation p such that all p(g;) are linearly independent = a(g) = 0 Vg.



A representation for which this holds is the so-called regular representation:

= {Z%‘gi
g)(z aigi) = Z%(ggi)»

Zaip(gi)g = Zai<gig) =0 onlyifa,=0V:

a; € (C} (group algebra of G),

— p(g;) are linearly independent.

— X; is an orthonormal basis of C%*5(G), dim C“*(G) = # conj. classes of G

— as many irreducible representations as there are conjugacy classes

— Characters determine repr.

Character table

G | G & Cr C;: conjugacy class of the identity,
pr | x1(C1) =dy  x1(Ch) k = # conj. classes of G,
. Xia *= Xi(ca)
Pe | Xie(Cy) =dy X&(Cr)
1 |C | :
b;5 = @ Z Z x;(C. ’ G| (orthogonality of rows).
g
With
D, = Gl St XDXT=1, = (XT)X=D"!
G|
N Z C G| .
X:(C,) - x;(Cy) = b ‘ o (orthogonality of columns).

This constrains the character table.

Another constraint from the regular representation:
P9 (Do ugi) = D eulagy)

Xreg(9) = Triey(0(9)) = #{i | 9~ 9, = 9:} = {‘G| 9= e

otherwise
where the trace is taken in the basis g;, p(9)g; = (9 g;)-

preg _ p®n1 D P pEBnk
.
n; = (Xpi?Xreg) |G‘ me Xpreg g) = @ dlm(pl) ‘G’ d]m(pz)
geG

= e =¥ @@ pP%, d; = dim(p,),



dim(p*#) = dim(C[G]) = |G| = Zd? = =Y d?

Example: D, =~ S5, |Ds| = 6. Conjugacy classes:

000 B G0 = (R = o)

()60 H =005 = 150,55}
(~) OO GCy=C(R) ={Ry, Ry}

— 3 irreducible representations.

D3/S3 | Gy Gy Gy
|C,| 1 3 2
v 1 1
pe" 1 —1

pa (%) 2 a=0 p=-1

pf (%) | 3 1 0

(x) |G| =>d* 6=1+1+d2—d,=2.

Obtain a and g using orthogonality:
0= (Xtriv’ XZ) =

0= (ngmXQ) =

Look at

p = py because the characters agree.

(#*) Permutation representation:

001 100
pFe) =13, pP(R)=1100]{, pP(Sy)=|(001],
010 010
0

xp(Gy) =3, xp(C)) =1, xp(G) =0,

3

®n
p = ptrlvl @ psfilg Doy 7,

ny; = (Xtriv7X3) = (3 1 +3 1)

1
6
1
6

Ny = (Xsign7X3) = ( 1-3- 1) = 07

(=}



ng = (x2,x3) = = (3-2) =1,

S| =

where x5 = xp:

|)0P = ptriv 69)02 |

Projectors:
1 1 111
T = 5 O Xew9)p7(9) = 5| 1 1 1| projector on Cle; + e, + e3),
g 111
dimensionality

? 100 011 1 2 -1 -1
WQZTZOIO—l()l :§ -1 2 -1
001 110 -1 -1 2

— projector on the space span{e; — ey, e, —€5}.

27.05.2015

Summary from last lecture:
o Complex representations of finite groups are fully decomposable:

@ni
p=B =D DL BB DD
t jrreducible repres. nq Ty
e As many irred. reprs. as there are conjugacy classes in G.
 Repres. determined by characters: x,(g9) = Try, (p(9)), (Xi = Xpi>’ characters of irr. reps. are

an ON basis of class functions.

_ —1
. n; = (XiX,) = ’G‘ sz )X, (9
x:(9)
e Projector

: V' — V projects onto V " cV, d;=dim(p,).

geG
¢ Character table:

b Cy = [e] Gy Gy
G| =1 Gy Gl

P1 d) = Xl(Cl) Xl(Ck>

P | dp = Xk(Cl> Xk(Ck)

)3 ',f;" (@, (C) = b,
2 ',G‘ X Cxi(Cy) = b
Zd? G|




Example: D3 = {R07R17R27507 Sla 82}7 RO =e.

G = C(Ro) = {Ro}a N e .
G, = C(So) = {Smsla Sz}a

03 = C(R1) = {RlaR2}'

c, c, C, po: trivial repr., V = C, py(g9) =1, xo(Cy) = 1.
D
3 1 3 2 p1: sign repr., V = C,
Po 1 1 1 R, —1
Py 1 -1 1 P1: {Sﬂ—) 1 x1(C) =1, x1(G) =1, x1(Gy) =—1.
P 2 0 —1
3 1 0
Ps Tr p3(Ry) Tr ps(Sp) Tr ps(R,)
Pt 2d rep.

Permutation representation: V = span{e,, e,, e},

e e e eqy e; ez e; e
Ry:<eyrey Ri:qeytres Ry:<egrre; Syigeges
€3 = €3 ez e es = ey e3 = ey
100 100
p3<R0): 010 ) 103<SO): 001 9
001 010
010 001
p3(Ry) =100 1], pg(S)=[010],
100 100
001 010
p3(Ry)=1100], p3(S;)=[100
010 001
ps=py " ® " @y,
1
nO:(XmXS):6(3'1'1+1'1'3):1’
1
n = (x1,xs) = 5(3-3) =0,
1
”2:(X2aX3):6‘6:17

P3 = Po D po

Projector:



111
1 1
T =g Zxo(g)p3(g) =3 1 11| -w»projection on span{e; + ey +e3},
geG 111
9 1 100 011 1 2 -1 -1
m= 2 Y@l =5 [2fo10] ~[1or] |21 2
geG 001 110 -1 -1 2
~» projection on V, = span{e; — e,, e, — €3},
with Vj C V5 = span(e;, eq,e3), Vj = C(e; + ey + €3).
Pr=P®py =00 " ®pT B0 xal9) = (xa(9),
ng = (X0, Xa) = §(4+2) =1
m=uxe) = g(A+2)=1p = py=py®p &py.
ny = (X2, Xa) = §(8—2) =1
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