5. Representations of S,

Lecture 6, Group Theory, Prof. Daniel Roggenkamp
Lecture notes by Janosh Riebesell, 27.05.2015
e Show up in the quantum description of many-particle systems.
o Play an important role in the representation theory of SU(n).
|S,,| = n! < oo — all complex repr. are fully decomposable.

1:1
need to study irred. repres. <— conjugacy classes

Recall

e Conjugacy classes:

_ (i1 A 2 2 m o m
S,o>m= (21,...,%1) . (zl,...,zrz)---(zl ...zrm),

k; := # cycles of length 1, szl =n,

K3
(ky, ..., k,) < cycle structure, G determines the conjugacy class.

e Another parametrization by partitions:

A =4 cycles of length >4, A=Y K, ki=X\—Xy, M >X>., > A=n

>
Pictorial representation of partitions by means of Young diagrams:

H A3 Ay

A
' (K1, kg, -.) Ay Agy )
(2,1,1,0,...) (4,2,1,0,...) |

n boxes in columns
of height \;

o Regular representation on the group algebra C[G]:

‘/reg :(C[G] = {Zag'g

geG

age(C},

with the group algebra structure
)\(Z ag - g) = Z(Aag) - g,
Za9'9+zﬁg'g = Z(O‘g +By)9;

(Z ag«") ' (Z ﬁhh) = > (ag-Bu)g-h) = Z(};Gaghlﬂh).%

geG heG g,heG geG

and the representation

Preg(9) (Z ahh> =S anleh) "L Y
h



®d @d ®d .
Preg =P1  Dpy @ @py *, d; =dim(p;)

— ‘irreducibles’ in V,, are ideals in the group algebra.

g

Aim: Construct irr. reprs. of S, as subrepr. of p,!

(DStart with a Young diagram:

ot

7]
6] =T (Young tableau)

|4>|c,o N |

diagram > tableau, by filling in the numbers 1, ..., n in such a way that numbers increase from left
to right and top to bottom.

@Groups of row and column transformations of T':

R(T) ={o € S,, | o leaves rows(T') invariant},
C(T)={o €S, | o leaves columns(T') invariant},

R(T)N C(T) = {e}.

Ezample:

4]

R(T) = {e, (14)},

1
12
13

O(T) = {e, (12), (23), (13), (123), (132)}.

ap = Z o € C[S,] (symmetrizes the row transf.),
ceR(T)

by = Z sgn(o)o € C[S,] (antisymm. the column transf.).
ceC(T)

Young symmetrizer: ¢ = ap - bp.

Ezxample:
i) T= cp =ap = Z o =3!m, (projector on trivial repr.),
o€S;
[1]
ii) T =51 cp =bp = Z sgn(o) - o =3!m; (projector on sign repr.),
z oES3
i) T=[13] ¢, =(e+(13)-(e—(12)) = e+ (13) — (12) — (123) = 3m,.
l S ——
ar

@With A :=CIS,,],
Vi :=C[S,] ¢y ={a-cp|a€ A} isa subrepres. of V,

-~
Examples
i)

T=[[rEr C) ={e}, R(T)={e(12),(23),(13),(123),(132)} = Sj.



C[Ss]-cr =C[S3]- >  0=C-cp (1-dim)

oESS
[71' E o= g (mo) = g o
o€S; o€S; o€S;
preg( preg § : 0= E 7TU E 0=Cr
0€S; o€S; o€S;

— trivial repr.!

ii)

T=p3, R(T)={e}, C(T)=S5s.
Vp = C[Ss]er = C[S3] Z sign(o) - o = Cer,
o€S;
Preg(T)er =T Z sign(o)o = Z sign(o) - (mo) = sign(w Z sign(mwo) (7o)
o€S; o€S; o€S;

= sign(w Z sign(o) - o = sign(n) - cp

o€S;

G Preglys, 18 the sign repres.

iii)

r=4 3] cp = e+ (13) — (12) — (123).

Vi = Cl[Ss] - ¢p is 2-dimensional, spanned by cp and (12)cp, and (13)cp = . prgly, is the
irreducible 2d repres.

Fact: (i) pyly, is an irreducible subrepresentation of p,,
(il) Vp = Vi iff X(T) = X(T7)

— the irreducible repres. only depends on the underlying Young diagram,

— there are as many copies of an irreducible representation corresponding to (A4, ..., \,,) as there
are Young tableaux built on this Young diagram.

Recall:

@ dim(

€Bd1m

— the irreducible represent. corresponding to a Young diagram has as dimension the number of
ways you can make a Young tableau out of it.

Young diagram:

| I irreducible repres. of S,,.

Young tableau:



5]

I subrepresentation of type Ej In Preq-

|u>|w|w =

o Hook rule: formula for the dimensions of irreducible representations of §,,.

Labels irreducible repres.

613 Hook numbers: draw a hook through a box and count the number of boxes met
4l 1 by the hook, h;.
2
[l |
L] dim (pEEP) = nhl Hook rule
Examples
l) n (n—1|n—2| .. 1 n|
—— dlm(pm) =1, d= W =1 (trivial repres.)
Sn
L\ n—1 n!
ii) dim(pﬁ> =1, d= nln—1)- =1 (sign repres.)
1
n 1
n—2 nl
iii) n—1 d= —— =(n—1
i) n — 1% 5 Y P (n—1)
1

\

Same for H:ED -

o Frobenius formula (for characters of S,,)
» Denote irreduc. repres. by partitions (A, ..., A,,).
» Denote conjugacy classes by the cycle structure (kq, ..., k,,).

Define polynomials:

Ij(kln_kn>(x1...xn) = H(JJZ — xj)(:cl + ...+ xn)kl (2?4 + x%)kz (23 4+ xi)kB(x'f + ...+ :cﬁ)k”.
i<j

Then

XA(Ck) = [P(klkn)(xlwn>] 1 A= <)‘17 "-7>‘n>7 k= (kla cey kn>7

In’
Ty ... Ty

i.e. the coefficient of aslll ..xlr in P, with [; = \; + n — 4. Here )\, are the row lengths of the Young
diagram labelling the irreducible representation (a single row being the trivial representation).

Example: G = S5, class (- -)(+):

P(1,1,0)($17 Ty, Tg) = (21 — T) (¥ — 23) (T — 23) (71 + 25 + x3)(x% + a3 + x%),

OO A=(3,0,0) [=(51,0) - coeff. of 23z, in P x,(C) =1



H A= (1,1,1) 1=(3,2,1) » coeff. of z3x3z,4 X, (C,) = —1
H  A=(2,1,00 1=(4,2,00 - coeff. of 2}z2 x> (Cy) =0

<3 Cy-column of the character table of Dy = S,.



