
6. Lie Groups / Lie Algebras

Lecture 7, Group Theory, Prof. Daniel Roggenkamp

Lecture notes by Janosh Riebesell, 03.06.2015

• Noether’s theorem

• symmetries of space-time: Poincaré symmetries

• gauge symmetries: SU(3) × SU(2) × U(1)

Def: A Lie group is a group which is also a smooth manifold, such that

𝑚 : 𝐺 × 𝐺 → 𝐺 (multiplication)
(⋅)−1 : 𝐺 → 𝐺 (inverse) } are smooth maps.

All examples we will consider are matrix groups, i.e. subgroups of GL(𝑛), as such they are 

submanifolds of ℝ𝑛2/ℂ𝑛2
. Often, they are described as level sets

{𝑓 = 0} ⊂ GL(𝑛)

for some smooth regular function 𝑓 : ℝ𝑛 → ℝ𝑘 (regular: the derivative of 𝑓 has maximum rank everywhere).

Examples

(i) (ℝ, +) manifold:

𝑚(𝑥, 𝑦) = 𝑥 + 𝑦
(𝑥)−1 = −𝑥 } smooth maps

(ii) U(1) = {𝑧 ∈ ℂ | |𝑧|2 = 1} = {𝑒𝑖𝜑 | 𝜑 ∈ ℝ} ≅ 𝑆1 (unit circle):

𝑚(𝑧, 𝑤) = 𝑧𝑤
(𝑧)−1 = 𝑧 } smooth maps

(iii) (special) unitary group

(S)U(𝑛) = {𝐴 ∈ Mat(𝑛, 𝑛, ℂ) | 𝐴†𝐴 = 𝟙, (det 𝐴 = +1)}, 𝐴† = 𝐴𝑡

(iv) (special) orthogonal group

(S)O(𝑛) = {𝐴 ∈ Mat(𝑛, 𝑛, ℝ) | 𝐴𝑡𝐴 = 𝟙, (det 𝐴 = +1)}

(v) indefinite orthogonal groups

O(𝑝, 𝑞) = {𝐴 ∈ Mat(𝑛, 𝑛, ℝ) | 𝐴𝑡(
𝟙𝑝
0

0
−𝟙𝑞

)𝐴 = (
𝟙𝑝
0

0
−𝟙𝑞

)}, 𝑛 = 𝑝 + 𝑞,

leaves invariant the signature of the (𝑝, 𝑞) bilinear form, e.g. Lorentz group ℒ︀ = O(1, 3).

(vi) symplectic group

Symp(2𝑛) = {𝐴 ∈ Mat(2𝑛, 2𝑛, ℝ) | 𝐴𝑡( 0
−𝟙𝑛

𝟙𝑛
0 )𝐴 = ( 0

−𝟙𝑛

𝟙𝑛
0 )}

(vii) Poincaré group: symmetries of ℝ1,3

𝑃 = O(1, 3) ⋉ ℝ1,3,

semi-direct product: (𝐴, 𝑎)(𝐵, 𝑏) = (𝐴𝐵, 𝑎 + 𝐴𝑏).
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Concepts in group theory carry over to Lie groups (but require smoothness), e.g.

A homomorphism of Lie groups is a smooth group homomorphism 𝜙 : 𝐺 → 𝐻.

A Lie subgroup 𝐻 ⊂ 𝐺 is a subgroup, s.t. the inclusion map is a smooth immersion.

Examples

(i) (ℝ, +) → U(1), 𝑥 ↦ 𝑒𝑖𝑥 hom. of Lie groups

(ii) U(1) → U(1), 𝑧 ↦ 𝑧𝑛, 𝑛 ∈ ℤ, hom. of Lie groups

(iii) det : GL(𝑛) → (ℝ×, ⋅) is a hom. of Lie groups

(iv) O(𝑛) ⊂ O(𝑛 + 𝑚), 𝐴 ↦ (𝐴
0

0
𝟙𝑚

) Lie subgroup

(v) U(1) ⊂ SU(2), 𝑧 ↦ (𝑧
0

0
𝑧) Lie subgroup

Combination of group theory with smooth manifolds ↪︎ remarkable simplification by linearization.

Reason: All structures compatible with group multiplications are determined by their properties 

around 𝑒 ∈ 𝐺. The left-multiplication map 𝐿𝑔 : 𝐺 → 𝐺, ℎ ↦ 𝑔ℎ is a bijection of Lie groups.

(d𝐿𝑔)𝑒
: 𝑇𝑒𝐺 → 𝑇𝑔𝐺

⟶ you get a vector field 𝑋𝑣(𝑔): left-invariant vector field

(d𝐿𝑔)ℎ
𝑋𝑣(ℎ) = 𝑋𝑣(𝑔ℎ)

𝐺

𝑒

𝑣 ∈ 𝑇𝑒𝐺
ℎ
d𝐿ℎ𝑣

𝑔
𝐿𝑔

Much of the structure of 𝐺 is captured by these vector fields.

𝑋𝑣(𝑔) ≔ (d𝐿𝑔)𝑒
𝑣

d𝐿𝑔 = (𝐿𝑔)∗
 is the derivative of the map 𝐿𝑔, 𝐿𝑒 = id𝐺.

Aside about vector fields: In local coordinates

𝑋 = ∑𝑖 𝑋𝑖𝜕𝑖 vector field on manifold 𝑀,

𝑓 : 𝑀 → ℝ, 𝑋(𝑓) = ∑
𝑖

𝑋𝑖(𝜕𝑖𝑓),

𝑋(𝑌 𝑓) = ∑
𝑖,𝑗

𝑋𝑖𝜕𝑖(𝑌𝑗𝜕𝑗𝑓) = ∑
𝑖,𝑗

𝑋𝑖𝑌𝑗(𝜕𝑖𝜕𝑗𝑓) + (𝑋𝑖𝜕𝑖𝑌𝑗)𝜕𝑗𝑓,

[𝑋, 𝑌 ](𝑓) = 𝑋(𝑌 𝑓) − 𝑌 (𝑋𝑓) = ∑
𝑖,𝑗

(𝑋𝑖𝜕𝑖𝑌𝑗 − 𝑌𝑖𝜕𝑖𝑋𝑗)𝜕𝑗𝑓 = 𝑍(𝑓),

𝑍𝑗 = ∑
𝑖

(𝑋𝑖𝜕𝑖𝑌𝑗 − 𝑌𝑖𝜕𝑖𝑋𝑗),

[⋅, ⋅] : vf × vf → vf Lie bracket of vector fields.

Lie bracket: “calculates how a vector field changes along another one”.

(i) 𝑓 : 𝑀 → 𝑁

[d𝑓𝑋, d𝑓𝑌 ] = d𝑓([𝑋, 𝑌 ])

𝑀
𝑋

𝑌

𝑓 𝑁
d𝑓𝑋

d𝑓𝑌

(ii) Jacobi identity
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[𝑋, [𝑌 , 𝑍]] + [𝑌 , [𝑍, 𝑋]] + [𝑍, [𝑋, 𝑌 ]] = 0

From (i) it follows that left-invariant vector fields close under the Lie bracket. Left-invariance: 

d𝐿𝑔𝑋𝑣 = 𝑋𝑣, so

[d𝐿𝑔𝑋𝑣, d𝐿𝑔𝑋𝑤]⏟
=[𝑋𝑣,𝑋𝑤]

= d𝐿𝑔([𝑋𝑣, 𝑋𝑤])

⟹ the Lie bracket of left-inv. vector fields is left-inv.

⟶ 𝑇𝑒𝐺 is equipped with the structure of a Lie algebra:

𝑣, 𝑤 ∈ 𝑇𝑒𝐺 : [𝑣, 𝑤] ≔ 𝑋[𝑣,𝑤] = [𝑋𝑣, 𝑋𝑤].

Def: A Lie algebra is a vector space 𝑉  together with a skew-symmetric, bilinear map

[⋅, ⋅] : 𝑉 × 𝑉 → 𝑉

satisfying the Jacobi identity (skew-symmetric: [𝑣, 𝑤] = −[𝑤, 𝑣]).

Matrix Groups

𝐺 ⊂ GL(𝑛), 𝑇𝑒 GL(𝑛) = Mat(𝑛, 𝑛), GL(𝑛) = {𝐴 ∈ Mat(𝑛, 𝑛) | det 𝐴 ≠ 0}.

𝑇𝑒𝐺: smooth paths ℎ(𝑡) ∈ 𝐺, ℎ(0) = 𝑒,

Mat(𝑛, 𝑛) ∋ 𝑣 = ℎ̇(0) ∈ 𝑇𝑒𝐺,

𝐿𝑔(ℎ) = 𝑔ℎ (matrix multiplication),

d𝐿𝑔𝑣 = d
d𝑡

|𝑡=0 𝐿𝑔ℎ(𝑡) = d
d𝑡

|𝑡=0 𝑔ℎ(𝑡) = 𝑔 d
d𝑡

|𝑡=0 ℎ(𝑡) = 𝑔 ⋅ 𝑣,

𝑋𝑣(𝑔) = 𝑔 ⋅ 𝑣.

Lie bracket: 𝑋 = ∑𝑖 𝑋𝑖𝜕𝑖, 𝑋(𝑓) = ∑𝑖 𝑋𝑖(𝜕𝑖𝑓), 𝑋(𝑌 𝑓) − 𝑌 (𝑋𝑓) = [𝑋, 𝑌 ](𝑓):

𝑋𝑣𝑓(𝑔) = 𝜕𝑔𝑓(𝑔)(𝑔 ⋅ 𝑣),

𝑋𝑣𝑋𝑤𝑓(𝑔) = 𝜕𝑔(𝜕𝑔𝑓(𝑔)(𝑔 ⋅ 𝑤))𝑔 ⋅ 𝑣 = 𝜕2
𝑔𝑓(𝑔)(𝑔 ⋅ 𝑤, 𝑔 ⋅ 𝑣) + 𝜕𝑔𝑓(𝑔)𝑔𝑣𝑤,

[𝑋𝑣, 𝑋𝑤]𝑓(𝑔) = 𝜕𝑔𝑓(𝑔)𝑔(𝑣𝑤 − 𝑤𝑣) = 𝜕𝑔𝑓(𝑔)𝑔([𝑣, 𝑤]),

[𝑋𝑣, 𝑋𝑤](𝑔) = 𝑔[𝑣, 𝑤] = 𝑋[𝑣,𝑤] (matrix commutator).

𝑇𝑒𝐺 ⊂ Mat(𝑛, 𝑛) has the structure of a Lie algebra, where

[𝑣, 𝑤] = 𝑣𝑤 − 𝑤𝑣 (matrix multiplication)

(the matrix commutator satisfies the Jacobi identity).

Example: 𝐺 = O(𝑛) = {𝐴 ∈ Mat(𝑛, 𝑛, ℝ) | 𝐴𝑡𝐴 = 𝟙𝑛} is the level set

𝐺 = {𝑓(𝐴) = 0}, 𝑓(𝐴) = 𝐴𝑡𝐴 − 𝟙𝑛, 𝑇𝑒𝐺 = ker(d𝑓𝑒).

Take a path 𝐴(𝑡) s.t. 𝐴(0) = 𝟙𝑛, 𝐴(̇0) = 𝑎:

d𝑓𝑒𝑎 = d
d𝑡

|𝑡=0 𝑓(𝐴(𝑡)) = d
d𝑡

|𝑡=0 (𝐴𝑡𝐴 − 𝟙𝑛) = 𝑎𝑡 + 𝑎

𝑇𝑒𝐺 = {𝑎 ∈ Mat(𝑛, 𝑛) | 𝑎𝑡 = −𝑎}, dim(𝐺) = 𝑛
2

(𝑛 − 1). shape: (
0

⋱

0
)
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Basis of 𝑇𝑒𝐺: 𝐸(𝑖,𝑗), 𝑖 < 𝑗, the matrix with entry +1 in row 𝑖, column 𝑗, entry −1 in row 𝑗, column 

𝑖 and zeros elsewhere,

𝐸(𝑖,𝑗) =

(




0

⋮

⋱

−1
⋱

⋯
1

⋱
0)






← row 𝑖 holds the 1 (column 𝑗), row 𝑗 the − 1 (column 𝑖),

[𝐸(𝑖,𝑗), 𝐸(𝑟,𝑠)] = 𝛿𝑗𝑟𝐸(𝑖,𝑠) + 𝛿𝑖𝑠𝐸(𝑗,𝑟) − 𝛿𝑖𝑟𝐸(𝑗,𝑠) − 𝛿𝑗𝑠𝐸(𝑖,𝑟).

𝑛 = 3: with the antisymmetric tensor 𝜀𝑎𝑏𝑐,

𝐸𝑎 = − 1
2

𝜀𝑎𝑏𝑐𝐸(𝑏,𝑐), [𝐸𝑎, 𝐸𝑏] = 𝜀𝑎𝑏𝑐𝐸𝑐.

Often, Lie algebras are given in terms of a basis.

Def: A homomorphism of Lie algebras is a linear map 𝜑 : 𝑉 → 𝑊 , s.t.

[𝜑(𝑣), 𝜑(𝑤)] = 𝜑([𝑣, 𝑤]).

Def: A sub-Lie algebra 𝑉 ′ ⊂ 𝑉  is a subspace s.t.

[𝑣, 𝑤] ∈ 𝑉 ′ ∀𝑣, 𝑤 ∈ 𝑉 ′.

Information about Lie groups is contained in their Lie algebras.

Lie group Lie algebra

(i) 𝐺 ↦ 𝑇𝑒𝐺 = 𝔤
(ii) 𝜙 : 𝐺 → 𝐻

hom. of Lie groups

↦ 𝜑 ≔ d𝜙𝑒 : 𝑇𝑒𝐺⏟
𝔤

→ 𝑇𝑒𝐻⏟
𝔥

hom. of Lie algebras

(iii) 𝐻 ⊂ 𝐺
subgroup

↦ 𝑇𝑒𝐻 = 𝔥 ⊂ 𝔤 = 𝑇𝑒𝐺
subalgebra

(iv) unique simply connected Lie group 𝐺̃ with Lie(𝐺̃) = 𝔤 * ↤ 𝔤
(v) ∃! connected 𝐻 ⊂ 𝐺 ↤ 𝔥 ⊂ 𝔤

* but any 𝐺 = 𝐺̃/Γ, Γ a discrete subgroup of 𝑍(𝐺̃), also has the same Lie algebra.

Proof of (ii):

𝜙(𝑔ℎ) = 𝜙(𝑔)𝜙(ℎ),
𝜙 ∘ 𝐿𝑔 = 𝐿𝜙(𝑔) ∘ 𝜙,

d𝜙 ∘ d𝐿𝑔 = d𝐿𝜙(𝑔) ∘ d𝜙,

d𝜙𝑋𝑣(𝑔) = 𝑋d𝜙𝑒𝑣(𝜙(𝑔)),

𝑋[d𝜙𝑒𝑣, d𝜙𝑒𝑤] = [𝑋d𝜙𝑒𝑣, 𝑋d𝜙𝑒𝑤] = [d𝜙𝑋𝑣(𝑔), d𝜙𝑋𝑤(𝑔)]

= d𝜙[𝑋𝑣, 𝑋𝑤](𝑔) = d𝜙𝑋[𝑣,𝑤] = 𝑋d𝜙𝑒[𝑣,𝑤].

From this follows (ii).

(iii) This follows from looking at the inclusion.
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Def: Simply connected means connected and there are no non-contractible loops, 

e.g. 𝑆1 is not simply connected.

𝑆1

ℝ

Continuing the table from above:

Lie group Lie algebra

(vi) ∃!𝜙 : 𝐺 → 𝐻,

d𝜙𝑒 = 𝜑
𝐺 simply connected, 𝐻 connected

↤ 𝜑 : 𝔤 → 𝔥

(vii) 𝐺 ≅ 𝐻
if both are simply connected

↤ 𝔤 ≅ 𝔥

In particular:

repr. of 𝐺 ↦ repr. of 𝔤,
repr. of 𝐺 ↤ repr. of 𝔤 but only if 𝐺 is simply connected.

If 𝐺 is not simply connected, then not all repr. of 𝔤 integrate to repr. of 𝐺. E.g. SO(3):

𝔰𝔬(3) = Lie(SO(3)) ≅ 𝔰𝔲(2) = Lie(SU(2)).

Repr. of 𝔰𝔲(2) are denoted by spin 𝑗 ∈ 1
2 ℕ, but only the integral spins give rise to repr. of SO(3).
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