Exponential Map and the Lorentz Group

Lecture 8, Group Theory, Prof. Daniel Roggenkamp

Lecture notes by Janosh Riebesell, 10.06.2015

Summary of last week’s lecture

Lie group Lie algebra
i) G = g=T.G
(i) ¢:G—H = p=d¢.:g—b
(i) HcCG » hCg
(iv) 3! simply connected Lie group G — g

other: G = G/T, T ¢ Z(G)
(v)  unique connected H C G —~ bhCyg

(vi) 3l¢:G — H, G simply connected, H connected < ¢:g—b

Representations
¢:G—GL(V) = ¢=(d¢),:g—gl(V),
J¢p:G— GL(V) « @:g—gl(V),

where G is the simply connected Lie group with Lie algebra g. For G = G JT: ker(¢) D T.

Exponential map

G: Lie group, Lie(G) = g. For every v € g we can define the subalgebra ) = span(v) C g. Using (v)
from the above table — 1-parameter subgroup H C G (unique connected):

¢, Ry+) =G | ¢,:h—g, v,
¢v(8)¢v(t) = ¢v(5 + t)?
(dg,), =v.

(i) ¢,(t) : R — G (integral curve of X ), G

7(t) = X,(7(1)),

v =g - ¢,(t) integral curve of X, through g € G:

d d
& |s=0 7(t + S) = @ |s=0 g¢v(t)¢v(s)
d

=d(Lys, 1)) 12 lsmo Gu(8) =d(Lyg, ) v =X,(+(1)).

v

(1) =

(i) ¢,(t) = ¢, (1) (both integral curves of the same vector field).

Define: exp: g — G, v ¢,(1).
(i) exp(tv) exp(sv) = exp((s + t)v)
(ii) d(exp)y:g— g, vi>v
idg
(iii) ¢ : G - H = ¢(exp(v)) = exp(d¢, v)



Matrix groups

,Ui
exp = Exp : Mat(n,n) — GL(n), v+ E = (matrix multiplication)
; 1!
>0

Baker—Campbell-Hausdorff formula

exp(v) exp(w) = exp (v +w+ %[U, w] + % ([v, [v, w]] + [w, [w,]]) + )

The Lorentz group
Minkowski space: (R'3,n = diag(1,—1,—1,—1)),
L£=0(1,3) = {A € Mat(4,4) | A'nA = n},

AtnA — )‘%0 — Xi)‘l | )‘OAOAAE —_ )‘iA — (1| 0 ) (*)
Azhgo — APA [—AEA 4+ X0 0] -1,

Aoo | A -
A:(OO A2), Moo ER; A, N, € R3: A € Mat(3,3),

Polar decomposition of O(1,3)
Note that nt =n, n?2 =1, = n € O(1,3), At = nA~1n € O(1,3)
= A'A € O(1, 3), symmetric, > 0,
L:=VAA, L'=L, £>0, Lec0(1,3),
R:=AL"' € 0(1,3),
R'R=(LY)'AALT=1,— Re0O(1,3) NO(4)
000

— ReO(1)x0(3), R= ecO(1) ={£1}, Qe 0(3),

Q 9

PO I o IV £ B VI
O Q ) Al A b) .
(*) — AOO =V 1 “l_)\t)\, [\: V 1+)\At,

Ao (e 0) (VIEXNX] X
B 0/Q A VI

e: time reversal, Q: space transf. boosts

O O O,

homeo

0(1,3) = O(1) x O(3) xR3
— 4 components distinguished by

det(A) = edet(Q) = £1 (41 : proper, preserve orientation),

sign(Agy) =€ = +1 (41 : orthochronous, time-direction preserved).

The connected component of e € O(1,3) is called O(1,3), < O(1,3),



0(1,3)/0(1,3)y =Zy X Z, = {1, P,T,PT}, P= ((1) ?l ) parity reversal, T = (70—1‘1&) time reversal, PT = —1,.
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Lie algebra o(1,3)
0(1,3) is a level set: f(A) = AlnA —n,

df.v = v'n+n,
T, O(1,3) = 0(1,3) = ker(df,) = {v | v = —nun},

(vt  [—vy|+d
VS \dTo) T \Fe =t

Basis:

OOO|O
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0(1,3) = span{w,;, K;} <— 6-dimensional real Lie algebra,

[Wifwj] = Zgijkwka
k
[Kij] =- Zijwm

k
[wi’ Kj] = Z €iu K
k

SL,(C) = {A € Mat(2,2,C) | det(4) = 1},
sl,(C) = {a € Mat(2,2,C) | tr(a) = 0}
B i 10 =i\ . i _1fo-1\. i 1[0
= Spang ]1__50-1_5 —i 0 3.72__50-2_5 1 0 3.73__50-3_5 0 i )

where o, are the Pauli matrices, and
[jaa ]b] = Z 6oz.bcjc
C

—+ complex 3-dimensional Lie algebra.
Choose a real structure:
sly(C) = spang{jy, j2, J3} ®r C,
@ (s1x(C))p = 0(1,3), Jo 2w e K,

is an isomorphism of real Lie algebras. SL(2,C) is in fact simply connected!



= ¢ integrates to a unique

¢ :SL(2,C) = O(1,3)y, do. =,
which is possibly a covering.
Identify

.’L‘0 +$3 l’l —Zl'z)
. )
Ty +1Ty To— T3

RY3 =5 ju(2) (hermitian 2 x 2 matrices), @ > o(z) = Z”’iai = (
zinz = det(o(x)).
Now SL(2, C) acts on iu(2):
o(z) = Ao(z)AT, A€ SL(2,C).
But this action preserves 7:
det(Ac(z)AT) = det(o(x)) sincedet(A) =1
= Ao(z)AT = o(¥(A) - x), where ¥ : SL(2,C) — O(1,3).

Check: d¥, = ¢ = ¥ = 4.
A(t) path in SL(2,C): A(0) =1, A(0) = a,

< limo AWo(@)AT(D) = ao(z) + o(w)al = o((a¥,a)0),
0= =20, = Tlico AWo@AI(D) = — L [or,0()] = 30, ww), = olw;a),
a=ij = 30, = <o AlDo()AT(1) = o(Kia),

ker(¢) = {A € SL(2,C) | AcAt =oVo} = {+1,}.
Remark: complexification
0(1,3)c =0(1,3) g C — 6-dimensional, complex Lie algebra,
basis: J¥ = 1 (w; £K;), a complex basis of o(1,3)¢:

[l =00 Vi, [JETF] =) epdi
k

0(1,3)c — s1,(C) @ sI,(C), T > (4;,0), Ji = (0,4;),

an isomorphism of complex Lie algebras:

0(1,3)c = s1,(C) @ sl,(C)
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