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Summary of last week’s lecture

Lie group Lie algebra

(i) 𝐺 ↦ 𝔤 ≅ 𝑇𝑒𝐺
(ii) 𝜙 : 𝐺 → 𝐻 ↦ 𝜑 = d𝜙𝑒 : 𝔤 → 𝔥
(iii) 𝐻 ⊂ 𝐺 ↦ 𝔥 ⊂ 𝔤
(iv) ∃! simply connected Lie group 𝐺̃

other: 𝐺 = 𝐺̃/Γ, Γ ⊂ 𝑍(𝐺̃)
↤ 𝔤

(v) unique connected 𝐻 ⊂ 𝐺 ↤ 𝔥 ⊂ 𝔤
(vi) ∃!𝜙 : 𝐺 → 𝐻, 𝐺 simply connected, 𝐻 connected ↤ 𝜑 : 𝔤 → 𝔥

Representations

𝜙 : 𝐺 → GL(𝑉 ) ↦ 𝜑 = (d𝜙)𝑒 : 𝔤 → 𝔤𝔩(𝑉 ),

∃!𝜙 : 𝐺̃ → GL(𝑉 ) ↤ 𝜑 : 𝔤 → 𝔤𝔩(𝑉 ),

where 𝐺̃ is the simply connected Lie group with Lie algebra 𝔤. For 𝐺 = 𝐺̃/Γ: ker(𝜙) ⊃ Γ.

Exponential map

𝐺: Lie group, Lie(𝐺) = 𝔤. For every 𝑣 ∈ 𝔤 we can define the subalgebra 𝔥 = span(𝑣) ⊂ 𝔤. Using (v) 

from the above table ⟶ 1-parameter subgroup 𝐻 ⊂ 𝐺 (unique connected):

𝜙𝑣 : (ℝ, +) → 𝐺 | 𝜑𝑣 : 𝔥 → 𝔤, 𝑣 ↦ 𝑣,
𝜙𝑣(𝑠)𝜙𝑣(𝑡) = 𝜙𝑣(𝑠 + 𝑡),

(d𝜙𝑣)𝑒 = 𝑣.

(i) 𝜙𝑣(𝑡) : ℝ → 𝐺 (integral curve of 𝑋𝑣),

𝛾(̇𝑡) = 𝑋𝑣(𝛾(𝑡)),

𝛾 = 𝑔 ⋅ 𝜙𝑣(𝑡) integral curve of 𝑋𝑣 through 𝑔 ∈ 𝐺:

𝐺

𝑋𝑣

𝛾 = 𝑔𝜙𝑣(𝑡)

𝛾(̇𝑡) = d
d𝑠

|𝑠=0 𝛾(𝑡 + 𝑠) = d
d𝑠

|𝑠=0 𝑔𝜙𝑣(𝑡)𝜙𝑣(𝑠)

= d(𝐿𝑔𝜙𝑣(𝑡))𝑒

d
d𝑠

|𝑠=0 𝜙𝑣(𝑠)⏟
𝑣

= d(𝐿𝑔𝜙𝑣(𝑡))𝑒
𝑣 = 𝑋𝑣(𝛾(𝑡)).

(ii) 𝜙𝑣(𝑡) = 𝜙𝑣𝑡(1) (both integral curves of the same vector field).

Define: exp : 𝔤 → 𝐺, 𝑣 ↦ 𝜙𝑣(1).
(i) exp(𝑡𝑣) exp(𝑠𝑣) = exp((𝑠 + 𝑡)𝑣)
(ii) d(exp)0⏟

id𝔤

: 𝔤 → 𝔤, 𝑣 ↦ 𝑣

(iii) 𝜙 : 𝐺 → 𝐻 ⟹ 𝜙(exp(𝑣)) = exp(d𝜙𝑒𝑣)

𝑒
𝑣

exp(𝑣)
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Matrix groups

exp = Exp : Mat(𝑛, 𝑛) → GL(𝑛), 𝑣 ↦ ∑
𝑖≥0

𝑣𝑖

𝑖!
(matrix multiplication)

Baker–Campbell–Hausdorff formula

exp(𝑣) exp(𝑤) = exp(𝑣 + 𝑤 + 1
2

[𝑣, 𝑤] + 1
12

([𝑣, [𝑣, 𝑤]] + [𝑤, [𝑤, 𝑣]]) + ⋯)

The Lorentz group

Minkowski space: (ℝ1,3, 𝜂 = diag(1, −1, −1, −1)),

ℒ︀ = O(1, 3) = {Λ ∈ Mat(4, 4) | Λ𝑡𝜂Λ = 𝜂},

Λ = (
𝜆00
𝜆1

𝜆𝑡
2

Λ̂
), 𝜆00 ∈ ℝ; 𝜆1, 𝜆2 ∈ ℝ3; Λ̂ ∈ Mat(3, 3),

Λ𝑡𝜂Λ = ( 𝜆2
00 − 𝜆𝑡

1𝜆1
𝜆2𝜆00 − Λ̂𝑡𝜆1

𝜆00𝜆𝑡
2 − 𝜆𝑡

1Λ̂
−Λ̂𝑡Λ̂ + 𝜆2𝜆𝑡

2
) = (1

0
0

−𝟙3
). (∗)

Polar decomposition of O(1, 3)
Note that 𝜂𝑡 = 𝜂, 𝜂2 = 𝟙4 ⟹ 𝜂 ∈ O(1, 3), Λ𝑡 = 𝜂Λ−1𝜂 ∈ O(1, 3)

⟹ Λ𝑡Λ ∈ O(1, 3), symmetric, > 0,

ℒ︀ ≔
√

Λ𝑡Λ, ℒ︀𝑡 = ℒ︀, ℒ︀ > 0, ℒ︀ ∈ O(1, 3),
𝑅 ≔ Λℒ︀−1 ∈ O(1, 3),

𝑅𝑡𝑅 = (ℒ︀−1)𝑡Λ𝑡Λℒ︀−1 = 𝟙4 ⟹ 𝑅 ∈ O(1, 3) ∩ O(4)

⟹ 𝑅 ∈ O(1) × O(3), 𝑅 =

(




𝜀
0
0
0

0 0

𝑄

0

)




, 𝜀 ∈ O(1) = {±1}, 𝑄 ∈ O(3),

Λ = (𝜀
0

0
𝑄)ℒ︀, ℒ︀ = (

𝜆00
𝜆1

𝜆𝑡
2

Λ̂
), Λ̂𝑡 = Λ̂.

(∗) ⟹ 𝜆00 = √1 + 𝜆𝑡𝜆, Λ̂ = √𝟙 + 𝜆𝜆𝑡,

Λ = (𝜀
0

0
𝑄)

⏟
𝜀: time reversal, 𝑄: space transf.

⋅ (
√

1 + 𝜆𝑡𝜆
𝜆

𝜆𝑡
√

𝟙 + 𝜆𝜆𝑡
)

⏟
boosts

,

O(1, 3) ≅
homeo

O(1) × O(3) × ℝ3

⟶ 4 components distinguished by

det(Λ) = 𝜀 det(𝑄) = ±1 (+1 : proper, preserve orientation),
sign(𝜆00) = 𝜀 = ±1 (+1 : orthochronous, time-direction preserved).

The connected component of 𝑒 ∈ O(1, 3) is called O(1, 3)0 ⊲ O(1, 3),
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O(1, 3)/O(1, 3)0 = ℤ2 × ℤ2 = {𝟙, 𝑃 , 𝑇 , 𝑃𝑇}, 𝑃 = (1
0

0
−𝟙3

) parity reversal, 𝑇 = (−1
0

0
𝟙3

) time reversal, 𝑃𝑇 = −𝟙4.

Lie algebra 𝔬(1, 3)
O(1, 3) is a level set: 𝑓(Λ) = Λ𝑡𝜂Λ − 𝜂,

d𝑓𝑒𝑣 = 𝑣𝑡𝜂 + 𝜂𝑣,
𝑇𝑒 O(1, 3) = 𝔬(1, 3) = ker(d𝑓𝑒) = {𝑣 | 𝑣𝑡 = −𝜂𝑣𝜂},

𝑣 = (𝑣0
𝑑

𝑐𝑡

𝑣 ) = (−𝑣0
+𝑐

+𝑑𝑡

−𝑣𝑡)

⟹ 𝑣0 = 0, 𝑐 = 𝑑, 𝑣𝑡 = −𝑣, 𝑣 = (0
𝑐

𝑐𝑡

𝑣 ).

Basis:

𝜔1 =

(




0
0
0
0

0
0
0
0

0
0
0
1

0
0

−1
0 )





, 𝜔2 =

(




0
0
0
0

0
0
0

−1

0
0
0
0

0
1
0
0)




, 𝜔3 =

(




0
0
0
0

0
0
1
0

0
−1
0
0

0
0
0
0)




,

𝐾1 =

(




0
1
0
0

1
0
0
0

0
0
0
0

0
0
0
0)




, 𝐾2 =

(




0
0
1
0

0
0
0
0

1
0
0
0

0
0
0
0)




, 𝐾3 =

(




0
0
0
1

0
0
0
0

0
0
0
0

1
0
0
0)




,

𝔬(1, 3) = span{𝜔𝑖, 𝐾𝑖} ⟵ 6-dimensional real Lie algebra,

[𝜔𝑖, 𝜔𝑗] = ∑
𝑘

𝜀𝑖𝑗𝑘𝜔𝑘,

[𝐾𝑖, 𝐾𝑗] = − ∑
𝑘

𝜀𝑖𝑗𝑘𝜔𝑘,

[𝜔𝑖, 𝐾𝑗] = ∑
𝑘

𝜀𝑖𝑗𝑘𝐾𝑘

SL2(ℂ) = {𝐴 ∈ Mat(2, 2, ℂ) | det(𝐴) = 1},

𝔰𝔩2(ℂ) = {𝑎 ∈ Mat(2, 2, ℂ) | tr(𝑎) = 0}

= spanℂ{𝑗1 = − 𝑖
2

𝜎1 = 1
2

( 0
−𝑖

−𝑖
0 ), 𝑗2 = − 𝑖

2
𝜎2 = 1

2
(0

1
−1
0 ), 𝑗3 = − 𝑖

2
𝜎3 = 1

2
(−𝑖

0
0
𝑖)},

where 𝜎𝑖 are the Pauli matrices, and

[𝑗𝑎, 𝑗𝑏] = ∑
𝑐

𝜀𝑎𝑏𝑐𝑗𝑐

⟶ complex 3-dimensional Lie algebra.

Choose a real structure:

𝔰𝔩2(ℂ) = spanℝ{𝑗1, 𝑗2, 𝑗3} ⊗ℝ ℂ,

𝜑 : (𝔰𝔩2(ℂ))ℝ → 𝔬(1, 3), 𝑗𝑎 ↦ 𝜔𝑎, 𝑖𝑗𝑎 ↦ 𝐾𝑎

is an isomorphism of real Lie algebras. SL(2, ℂ) is in fact simply connected!
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⟹ 𝜑 integrates to a unique

𝜙 : SL(2, ℂ) → O(1, 3)0, d𝜙𝑒 = 𝜑,

which is possibly a covering.

Identify

ℝ1,3 ⟶
≅

𝑖𝔲(2) (hermitian 2 × 2 matrices), 𝑥 ↦ 𝜎(𝑥) = ∑
𝑖

𝑥𝑖𝜎𝑖 = ( 𝑥0 + 𝑥3
𝑥1 + 𝑖𝑥2

𝑥1 − 𝑖𝑥2
𝑥0 − 𝑥3

),

𝑥𝑡𝜂𝑥 = det(𝜎(𝑥)).

Now SL(2, ℂ) acts on 𝑖𝔲(2):

𝜎(𝑥) ↦ 𝐴𝜎(𝑥)𝐴†, 𝐴 ∈ SL(2, ℂ).

But this action preserves 𝜂:

det(𝐴𝜎(𝑥)𝐴†) = det(𝜎(𝑥)) since det(𝐴) = 1

⟹ 𝐴𝜎(𝑥)𝐴† = 𝜎(Ψ(𝐴) ⋅ 𝑥), where Ψ : SL(2, ℂ) → O(1, 3).

Check: dΨ𝑒 = 𝜑 ⟹ Ψ = 𝜙.

𝐴(𝑡) path in SL(2, ℂ): 𝐴(0) = 𝟙, 𝐴(̇0) = 𝑎,

d
d𝑡

|𝑡=0 𝐴(𝑡)𝜎(𝑥)𝐴†(𝑡) = 𝑎𝜎(𝑥) + 𝜎(𝑥)𝑎† = 𝜎((dΨ𝑒𝑎)𝑥),

𝑎 = 𝑗𝑖 = − 𝑖
2

𝜎𝑖 ⟹ d
d𝑡

|𝑡=0 𝐴(𝑡)𝜎(𝑥)𝐴†(𝑡) = − 𝑖
2

[𝜎𝑖, 𝜎(𝑥)] = ∑ 𝜎𝑐(𝜔𝑖𝑥)𝑐 = 𝜎(𝜔𝑖𝑥),

𝑎 = 𝑖𝑗𝑖 = 1
2

𝜎𝑖 ⟹ d
d𝑡

|𝑡=0 𝐴(𝑡)𝜎(𝑥)𝐴†(𝑡) = 𝜎(𝐾𝑖𝑥),

⟹ 𝜑 = dΨ𝑒 : 𝑗𝑖 ↦ 𝜔𝑖, 𝑖𝑗𝑖 ↦ 𝐾𝑖

⟹ Ψ = 𝜙,
ker(𝜙) = {𝐴 ∈ SL(2, ℂ) | 𝐴𝜎𝐴† = 𝜎 ∀𝜎} = {±𝟙2}.

Remark: complexification

𝔬(1, 3)ℂ = 𝔬(1, 3) ⊗ℝ ℂ ⟶ 6-dimensional, complex Lie algebra,

basis: 𝐽±
𝑖 ≔ 1

2 (𝜔𝑖 ± 𝑖𝐾𝑖), a complex basis of 𝔬(1, 3)ℂ:

[𝐽+
𝑖 , 𝐽−

𝑗 ] = 0 ∀𝑖, 𝑗, [𝐽±
𝑖 , 𝐽±

𝑗 ] = ∑
𝑘

𝜀𝑖𝑗𝑘𝐽±
𝑘 ,

𝔬(1, 3)ℂ ⟶
≅

𝔰𝔩2(ℂ) ⊕ 𝔰𝔩2(ℂ), 𝐽+
𝑖 ↦ (𝑗𝑖, 0), 𝐽−

𝑖 ↦ (0, 𝑗𝑖),

an isomorphism of complex Lie algebras:

𝔬(1, 3)ℂ ≅ 𝔰𝔩2(ℂ) ⊕ 𝔰𝔩2(ℂ)
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