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Problem 1: One-loop calculations in QED

1) QED with massless fermion field Ψ(𝑥) and massless gauge field 𝐴𝜇(𝑥):

ℒ︀ = − 1
4

𝐹0,𝜇𝜈𝐹𝜇𝜈
0 + 𝑖Ψ0𝐷0Ψ0, 𝐷𝜇

0 = 𝜕𝜇 + 𝑖𝑒0𝐴
𝜇
0 .

We use the Feynman rules to derive the one-loop corrections to the fermion propagator 𝑖ℳ︀[𝑓(𝑝) →
𝑓(𝑝)] of a fermion 𝑓 with mom. 𝑝. To apply renormalized perturbation theory, we split the bare 

Lagrangian into renormalized quantities, e.g. Ψ = 𝑍−1/2
Ψ Ψ0 and 𝐴𝜇 = 𝑍−1/2

𝐴 𝐴𝜇
0 , and counterterms 

as follows

ℒ︀ = − 1
4

𝐹𝜇𝜈𝐹𝜇𝜈 + 𝑖Ψ𝜕Ψ − 𝑒𝐴𝜇Ψ𝛾𝜇Ψ − 1
4

𝛿𝐴𝐹𝜇𝜈𝐹𝜇𝜈 + 𝑖𝛿ΨΨ𝜕Ψ − 𝛿𝑒𝐴𝜇Ψ𝛾𝜇Ψ,

where 𝛿𝐴 = 𝑍𝐴 − 1, 𝛿Ψ = 𝑍Ψ − 1 and 𝛿𝑒 = 𝑒0𝑍
1/2
𝐴 𝑍Ψ − 𝑒. Integrating by parts, the photonic coun

terterm yields

𝛿𝛾 = ∫ d4𝑥(− 1
4

𝛿𝐴𝐹𝜇𝜈𝐹𝜇𝜈) = − 1
4

𝛿𝐴 ∫ d4𝑥(𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 𝜕𝜇𝐴𝜈𝜕𝜈𝐴𝜇 − 𝜕𝜈𝐴𝜇𝜕𝜇𝐴𝜈 + 𝜕𝜈𝐴𝜇𝜕𝜈𝐴𝜇)

= − 1
2

𝛿𝐴 ∫ d4𝑥(𝜕𝜇𝐴𝜈𝜕𝜇𝐴𝜈 − 𝜕𝜇𝐴𝜈𝜕𝜈𝐴𝜇)

= − 1
2

𝛿𝐴 ∫ d4𝑥(−𝐴𝜈𝜕𝜇𝜕𝜇𝐴𝜈 + 𝐴𝜈𝜕𝜇𝜕𝜈𝐴𝜇)

= − 1
2

𝛿𝐴 ∫ d4𝑥𝐴𝜈(−𝜕2𝑔𝜇𝜈 + 𝜕𝜇𝜕𝜈)𝐴𝜇.

So our complete set of Feynman rules yields

𝑘
𝜇 𝜈

 = −𝑖𝑔𝜇𝜈
𝑘2

𝑝
 = 𝑖

𝑝
𝜇 = −𝑖𝑒𝛾𝜇

𝑘
𝜇 𝜈

 = −𝑖(𝑘2𝑔𝜇𝜈 − 𝑘𝜇𝑘𝜈)𝛿𝐴
𝑝

 = 𝑖(𝑝𝛿Ψ − 𝛿𝑚)1 𝜇 = −𝑖𝛿𝑒𝛾𝜇

At one loop, the fermion propagator receives the following contributions

𝑝 𝑝 |1-loop = 𝑝 +
𝑝 𝑞 𝑝

𝑘 = 𝑝 − 𝑞

+ 𝑝 𝑝 ,

of which only the latter two are corrections. We compute

𝑝 𝑝 = 𝑖(𝑝𝛿Ψ − 𝛿𝑚),

𝑝 𝑞 𝑝

𝑘 = 𝑝 − 𝑞

⏟
−𝑖ℳ︀[𝑓(𝑝)→𝑓(𝑝)]

= 𝑢(𝑝)(−𝑖𝑒𝛾𝜈) ∫ d𝑑𝑞
(2𝜋)𝑑

𝑖𝑞
𝑞2

−𝑖𝑔𝜇𝜈

𝑘2 (−𝑖𝑒𝛾𝜇)𝑢(𝑝)

1The 𝛿𝑚 term needs to be added even in massless theories.
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= −𝑒2𝑢(𝑝) ∫ d𝑑𝑞
(2𝜋)𝑑

𝛾𝜇𝑞𝛾𝜇

𝑞2(𝑝 − 𝑞)2 𝑢(𝑝), 𝛾𝜇𝑞𝛾𝜇 = 𝛾𝜇(−𝛾𝜇𝑞 + 2𝑞𝜇) = −2𝑞

= −𝑒2𝑢(𝑝) Γ(1 + 1)
Γ(1)Γ(1)

∫
1

0
d𝑥∫ d𝑑𝑞

(2𝜋)𝑑
−2𝑞

(
𝑥(𝑝 − 𝑞)2 + (1 − 𝑥)𝑞2⏟

𝑥𝑝2−2𝑥𝑝𝑞+𝑥𝑞2+𝑞2−𝑥𝑞2 )


2 𝑢(𝑝)

= 2𝑒2𝑢(𝑝) ∫
1

0
d𝑥∫ d𝑑𝑞

(2𝜋)𝑑
𝑞

((𝑞 − 𝑥𝑝⏟
𝑙

)2 + 𝑥(1 − 𝑥)𝑝2)2 𝑢(𝑝)

= 8𝜋𝛼em𝑢(𝑝) ∫
1

0
d𝑥∫ d𝑑𝑙

(2𝜋)𝑑
𝑙0 (odd) + 𝑥𝑝

(𝑙2 + 𝑥(1 − 𝑥)𝑝2)2 𝑢(𝑝)

= 8𝜋𝛼em𝑢(𝑝)𝑝𝐹(𝑝2)𝑢(𝑝), (𝑝𝑢(𝑝) = 0)

where we calculate 𝐹(𝑝2) using the subst. 𝑧 = Δ
𝑙2𝐸−Δ , 𝑙𝐸 = Δ1/2( 1

𝑧 − 1)1/2
:

𝐹(𝑝2) = 𝑖 ∫
1

0
d𝑥∫ d𝑑𝑙𝐸

(2𝜋)𝑑
𝑥

[
𝑙2𝐸 − 𝑥(1 − 𝑥)𝑝2⏟

Δ ]


2 = 𝑖 ∫
1

0
d𝑥𝑥 ∫ dΩ𝑑

(2𝜋)𝑑 ∫
∞

0
d𝑙𝐸

𝑙𝑑−1
𝐸

(𝑙2𝐸 − Δ)2

= 𝑖 ∫
1

0
d𝑥𝑥 2𝜋𝑑/2

(2𝜋)𝑑Γ( 𝑑
2 )

∫
0

1
d𝑧

(𝑙2𝐸 − Δ)2

−2Δ𝑙𝐸
𝑙𝑑−1
𝐸

(𝑙2𝐸 − Δ)2

= 𝑖
(4𝜋)𝑑/2Γ( 𝑑

2 )
∫

1

0
d𝑥𝑥 ∫

1

0
d𝑧Δ 𝑑

2 −2𝑧1− 𝑑
2 (1 − 𝑧) 𝑑

2 −1

= 𝑖
(4𝜋)𝑑/2Γ( 𝑑

2 )
Γ(2 − 𝑑

2 )Γ( 𝑑
2 )

Γ(2 − 𝑑
2 + 𝑑

2 )
∫

1

0
d𝑥𝑥Δ 𝑑

2 −2 =
𝑖Γ( 𝜀

2 )
(4𝜋)𝑑/2 ∫

1

0
d𝑥𝑥(𝑥(1 − 𝑥)𝑝2)

𝑑
2 −2.

To bring out the divergence, we expand the integrand,

∫
1

0
d𝑥𝑥(𝑥(1 − 𝑥)𝑝2)−𝜀/2 = ∫

1

0
d𝑥𝑥(1 − 𝜀

2
ln(𝑥(1 − 𝑥)𝑝2) + 𝒪︀(𝜀2))

= 1
2

− 𝜀
2

∫
1

0
d𝑥𝑥 ln(𝑥(1 − 𝑥)𝑝2) + 𝒪︀(𝜀2).

We can also expand the prefactors Γ( 𝜀
2 ) = 2

𝜀 − 𝛾 + 𝒪︀(𝜀) and

1
(4𝜋)𝑑/2 = 1

(4𝜋)2−𝜀/2 = (4𝜋)𝜀/2

16𝜋2 = 1
16𝜋2 (1 + 𝜀

2
ln(4𝜋) + 𝒪︀(𝜀2)).

Assembling everything, we get

𝐹(𝑝2) = 𝑖
16𝜋2 (1 + 𝜀

2
ln(4𝜋) + 𝒪︀(𝜀2))( 2

𝜀
− 𝛾 + 𝒪︀(𝜀))( 1

2
− 𝜀

2
∫

1

0
d𝑥𝑥 ln(𝑥(1 − 𝑥)𝑝2) + 𝒪︀(𝜀2))

= 𝑖
32𝜋2 ( 2

𝜀
− 𝛾 + ln(4𝜋) − 2𝐽(𝑝2)) + 𝒪︀(𝜀), 𝐽(𝑝2) ≔ ∫

1

0
d𝑥𝑥 ln(𝑥(1 − 𝑥)𝑝2).

Including the counterterm, the amputated 1PI two-point function at one loop is thus
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Σ(𝑝) = 𝑖𝑝[𝛿Ψ + 𝑒2

16𝜋2 ( 2
𝜀

− 𝛾 + ln(4𝜋) − 2𝐽(𝑝2))] − 𝑖𝛿𝑚.

If we choose our renormalization conditions as

Σ(𝑝)|𝑝=𝜇 = 0 and d
d𝑝

Σ(𝑝)|𝑝=𝜇 = 0,

we obtain, using d𝐽/ d𝑝 = ∫1
0

d𝑥𝑥 2𝑝
𝑝2 = 1

𝑝  and the product rule, a counterterm 𝛿Ψ of

d
d𝑝

Σ(𝑝)|𝑝=𝜇 = 𝑖[𝛿Ψ + 𝑒2

16𝜋2 ( 2
𝜀

− 𝛾 + ln(4𝜋) − 2𝐽(𝜇2) − 2)] = 0

⟹ 𝛿Ψ = − 𝑒2

16𝜋2 ( 2
𝜀

− 𝛾 + ln(4𝜋) − 2𝐽(𝜇2) − 2)

and for 𝛿𝑚

Σ(𝑝)|𝑝=𝜇 = 2𝑖𝑒2𝜇
16𝜋2 − 𝑖𝛿𝑚 = 0 ⟹ 𝛿𝑚 = 𝑒2𝜇

8𝜋2 .

2. We calculate the one-loop corrections to the photon propagator, again using the Feynman rules 

of renormalized perturbation theory.

−𝑖ℳ︀[𝛾(𝑝) → 𝛾(𝑝)]|1-loop = 𝑝 𝑝
𝜇 𝜈 |1-loop = 𝑝

𝜇 𝜈
+

𝑝 𝑝𝑝 + 𝑘

𝑘

𝜇 𝜈

+ 𝑝 𝑝
𝜇 𝜈

The first correction gives

𝑝 𝑝𝑝 + 𝑘

𝑘

𝜈 𝜇 = 𝜀∗
𝜇(𝑝)(−𝑖𝑒(𝛾𝜇)𝐴

𝐵) ∫ d𝑑𝑘
(2𝜋)𝑑

𝑖(𝑝 + 𝑘)𝐵
𝐶

(𝑝 + 𝑘)2
𝑖(𝑘)𝐶

𝐷
𝑘2 (−𝑖𝑒(𝛾𝜈)𝐷

𝐴)𝜀𝜈(𝑝)

= −𝑒2𝜀∗
𝜇(𝑝) ∫ d𝑑𝑘

(2𝜋)𝑑
tr(𝛾𝜇(𝑝 + 𝑘)𝛾𝜈𝑘)

𝑘2(𝑝 + 𝑘)2 𝜀𝜈(𝑝)

tr(𝛾𝜇(𝑝 + 𝑘)𝛾𝜈𝑘) = 𝑝𝜌𝑘𝜎 tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎) + tr(𝛾𝜇𝑘𝑘𝜌(2𝜂𝜌𝜈 − 𝛾𝜌𝛾𝜈))

= 𝑝𝜌𝑘𝜎4(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜈𝜂𝜌𝜎 + 𝜂𝜇𝜎𝜂𝜌𝜈) + 2 tr(𝛾𝜇𝑘𝑘𝜈) − 𝑘2 tr(𝛾𝜇𝛾𝜈)

= 4(𝑝𝜇𝑘𝜈 − 𝑝𝜎𝑘𝜎𝜂𝜇𝜈 + 𝑝𝜈𝑘𝜇) + 2𝑘𝜌𝑘𝜈 tr(𝛾𝜇𝛾𝜌) − 𝑘24𝜂𝜇𝜈

= 4(𝑝𝜇𝑘𝜈 − 𝑝 ⋅ 𝑘𝜂𝜇𝜈 + 𝑝𝜈𝑘𝜇) + 8𝑘𝜇𝑘𝜈 − 4𝑘2𝜂𝜇𝜈

Using a Feynman parametrization to simplify the denominator,

𝑖ℳ︀[𝛾(𝑝) → 𝛾(𝑝)] = −𝑒2𝜀∗
𝜇(𝑝) ∫ d𝑑𝑘

(2𝜋)𝑑 ∫
1

0
d𝑥 tr(𝛾𝜇(𝑝 + 𝑘)𝛾𝜈𝑘)

[𝑥(𝑝 + 𝑘)2 + (1 − 𝑥)𝑘2]2
𝜀𝜈(𝑝),

𝑥(𝑝 + 𝑘)2 + (1 − 𝑥)𝑘2 = 𝑥𝑝2 + 2𝑥𝑝𝑘 + 𝑥𝑘2 + 𝑘2 − 𝑥𝑘2

= (𝑘 + 𝑥𝑝)2 + 𝑥(1 − 𝑥)𝑝2 ≕ 𝑙2 + 𝑥(1 − 𝑥)𝑝2 = 𝑙2 − Δ,

where 𝑙 = 𝑘 + 𝑥𝑝, d𝑙 = d𝑘.
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𝑖ℳ︀ = −𝑒2𝜀∗
𝜇(𝑝) tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎) ∫

1

0
d𝑥∫ d𝑑𝑙

(2𝜋)𝑑
(𝑙𝜌 + (1 − 𝑥)𝑝𝜌)(𝑙𝜎 − 𝑥𝑝𝜎)⏞
𝑙𝜌𝑙𝜎−𝑥(1−𝑥)𝑝𝜌𝑝𝜎, other terms odd

(𝑙2 − Δ)2 𝜀𝜈(𝑝)

= −𝑒2𝜀∗
𝜇(𝑝) tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎) ∫

1

0
d𝑥[

−𝑖Γ(1 − 𝑑
2 )

(4𝜋)𝑑/2

𝜂𝜌𝜎

2
Δ 𝑑

2 −1 − 𝑥(1 − 𝑥)𝑝𝜌𝑝𝜎
𝑖Γ(2 − 𝑑

2 )
(4𝜋)𝑑/2 Δ 𝑑

2 −2]𝜀𝜈(𝑝),

where we used A.44 and A.46 from Peskin & Schroeder to perform the 𝑙-integration. We simplify

𝑖ℳ︀ =
𝑖𝑒2𝜀∗

𝜇

(4𝜋)𝑑/2 Γ(2 − 𝑑
2

) tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎) ∫
1

0
d𝑥(

𝜂𝜌𝜎

2 − 𝑑
(−𝑥(1 − 𝑥)𝑝2)

𝑑
2 −1 + 𝑥(1 − 𝑥)𝑝𝜌𝑝𝜎(−𝑥(1 − 𝑥)𝑝2)

𝑑
2 −2)𝜀𝜈(𝑝)

= 𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)Γ( 𝜀

2
) tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎)(

−𝑝2𝜂𝜌𝜎

2 − 𝑑
+ 𝑝𝜌𝑝𝜎)(−𝑝2)

𝑑
2 −2 ∫

1

0
d𝑥[𝑥(1 − 𝑥)] 𝑑

2 −1𝜀𝜈(𝑝)

= 𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)Γ( 𝜀

2
) tr(𝛾𝜇𝛾𝜌𝛾𝜈𝛾𝜎)(−𝑝2)−𝜀/2( −𝑝2

2 − 𝑑
𝜂𝜌𝜎 + 𝑝𝜌𝑝𝜎)

Γ( 𝑑
2 )Γ( 𝑑

2 )
Γ(𝑑)

𝜀𝜈(𝑝)

= 𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)

Γ( 𝜀
2 )Γ( 𝑑

2 )2

Γ(𝑑)
(−𝑝2)−𝜀/24(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜈𝜂𝜌𝜎 + 𝜂𝜇𝜎𝜂𝜌𝜈)( −𝑝2

2 − 𝑑
𝜂𝜌𝜎 + 𝑝𝜌𝑝𝜎)𝜀𝜈(𝑝)

= 4𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)

Γ( 𝜀
2 )Γ( 𝑑

2 )2

Γ(𝑑)
(−𝑝2)−𝜀/2

(
 −𝑝2

2 − 𝑑
(
𝜂𝜇𝜈 − 𝜂𝜇𝜈 𝜂𝜌

𝜌⏟
𝑑

+ 𝜂𝜇𝜈

)
 + (𝑝𝜇𝑝𝜈 − 𝜂𝜇𝜈𝑝2 + 𝑝𝜇𝑝𝜈)

)
𝜀𝜈(𝑝)

= 4𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)

Γ( 𝜀
2 )Γ( 𝑑

2 )2

Γ(𝑑)
(−𝑝2)−𝜀/2( −2𝜂𝜇𝜈𝑝2

2 − 𝑑
+ 𝑑𝜂𝜇𝜈𝑝2

2 − 𝑑
+ 2𝑝𝜇𝑝𝜈 − 𝜂𝜇𝜈𝑝2)𝜀𝜈(𝑝)

= 4𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)

Γ( 𝜀
2 )Γ( 𝑑

2 )2

Γ(𝑑)
(−𝑝2)−𝜀/2(−2𝜂𝜇𝜈𝑝2 + 2𝑝𝜇𝑝𝜈)𝜀𝜈(𝑝)

= 8𝑖𝑒2

(4𝜋)𝑑/2 𝜀∗
𝜇(𝑝)

Γ( 𝜀
2 )Γ( 𝑑

2 )2

Γ(𝑑)
(−𝑝2)1−𝜀/2(𝜂𝜇𝜈 − 𝑝𝜇𝑝𝜈

𝑝2 )𝜀𝜈(𝑝)

= 𝜀∗
𝜇(𝑝)𝛼 8𝑖

(4𝜋)𝑑/2−1
Γ( 𝜀

2 )Γ( 𝑑
2 )2

Γ(𝑑)
(−𝑝2)1−𝜀/2(𝜂𝜇𝜈 − 𝑝𝜇𝑝𝜈

𝑝2 )𝜀𝜈(𝑝)

= 𝜀∗
𝜇(𝑝)Π𝜇𝜈(𝑝2)𝜀𝜈(𝑝).

We need Π𝜇𝜈(𝑝2) ∝ (𝜂𝜇𝜈 − 𝑝𝜇𝑝𝜈

𝑝2 ) to fulfill the Ward identity. Physically, this is just current 

conservation which arises as a consequence of the gauge symmetry of QED. With Π𝜇𝜈(𝑝2) ∝ (𝜂𝜇𝜈 −
𝑝𝜇𝑝𝜈

𝑝2 ), we get

𝑝𝜇Π𝜇𝜈(𝑝2) ∝ 𝑝𝜇(𝜂𝜇𝜈 − 𝑝𝜇𝑝𝜈

𝑝2 ) = 𝑝𝜈 − 𝑝2𝑝𝜈

𝑝2 = 0.
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