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Problem 1 (12 points) – Quantization of a complex scalar field

A free complex-valued scalar field is described by the Lagrangian density

ℒ︀ = 𝜕𝜇𝜑†𝜕𝜇𝜑 −𝑚2𝜑†𝜑. (1)

a) Show that the above Lagrangian is invariant under the global phase transformation 𝜑 →
𝑒𝑖𝛼𝜑. What do we call these transformations in the language of field theory? What are the 

physical implications of such invariances?

𝜑 → 𝑒𝑖𝛼𝜑 ⟹ 𝜑† → (𝑒𝑖𝛼𝜑)† = 𝜑†𝑒−𝑖𝛼,

ℒ︀ → ℒ︀′ = 𝜕𝜇𝜑†𝑒−𝑖𝛼𝜕𝜇𝑒𝑖𝛼𝜑 −𝑚2𝜑†𝑒−𝑖𝛼𝑒𝑖𝛼𝜑 = 𝜕𝜇𝜑†𝜕𝜇𝜑 −𝑚2𝜑†𝜑 = ℒ︀.

Such a global phase transformation is classified as 𝑈(1). Underlying the Lagrangian’s invariance is a 

continuous symmetry. According to Noether’s theorem such symmetries invoke conserved charges, 

i.e. physical quantities.

b) Find the conjugate momenta associated to each component.

𝜋(𝑥) = 𝜕ℒ︀
𝜕𝜑̇(𝑥)

= 𝜑̇†(𝑥), 𝜋†(𝑥) = 𝜕ℒ︀
𝜕𝜑̇†(𝑥)

= 𝜑̇(𝑥). (2)

c) Show that the corresponding Hamiltonian 𝐻 can be cast as

𝐻 = ∫d3𝑥ℋ︀(𝑥) = ∫d3𝑥(𝜋(𝑥)𝜑̇(𝑥) + 𝜋†(𝑥)𝜑̇†(𝑥) − ℒ︀(𝑥))

= ∫d3𝑥(𝜋(𝑥)𝜋†(𝑥) + ∇𝜑†(𝑥)∇𝜑(𝑥) +𝑚2𝜑†(𝑥)𝜑(𝑥)).
(3)

𝜋(𝑥)𝜑̇(𝑥) + 𝜋†(𝑥)𝜑̇†(𝑥) − ℒ︀(𝑥) = 𝜑̇†𝜑̇ + 𝜑̇𝜑̇† − 𝜑̇†𝜑̇ + ∇𝜑†∇𝜑+𝑚2𝜑†𝜑

= 𝜋†𝜋 +∇𝜑†∇𝜑+𝑚2𝜑†𝜑.

d) The corresponding quantized fields we can write as

𝜑(𝑥) = ∫ d̃𝑘 (𝑎(𝑘)𝑒−𝑖𝑘𝑥 + 𝑏†(𝑘)𝑒𝑖𝑘𝑥), 𝜑†(𝑥) = ∫ d̃𝑘 (𝑎†(𝑘)𝑒𝑖𝑘𝑥 + 𝑏(𝑘)𝑒−𝑖𝑘𝑥).

With these expressions at hand, verify that the Hamiltonian (3) takes on the diagonal form

𝐻 = ∫d3𝑥ℋ︀(𝑥) = ∫ d̃𝑘𝐸𝑘(𝑎†(𝑘)𝑎(𝑘) + 𝑏†(𝑘)𝑏(𝑘)).

The time and space derivatives of the fields are

𝜑̇(𝑥) = −𝑖∫ d̃𝑘𝐸𝑘(𝑎(𝑘)𝑒−𝑖𝑘𝑥 − 𝑏†(𝑘)𝑒𝑖𝑘𝑥), 𝜑̇†(𝑥) = 𝑖∫ d̃𝑘𝐸𝑘(𝑎†(𝑘)𝑒𝑖𝑘𝑥 − 𝑏(𝑘)𝑒−𝑖𝑘𝑥),
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∇𝜑(𝑥) = 𝑖∫ d̃𝑘 𝑘⃗(𝑎(𝑘)𝑒−𝑖𝑘𝑥 − 𝑏†(𝑘)𝑒𝑖𝑘𝑥), ∇𝜑†(𝑥) = −𝑖∫ d̃𝑘 𝑘⃗(𝑎†(𝑘)𝑒𝑖𝑘𝑥 − 𝑏(𝑘)𝑒−𝑖𝑘𝑥).

Inserting them into the Hamiltonian, the 𝑥-integration sets 𝑝 = ±𝑘 and leaves a factor 

(2𝜋)3𝛿(3)(…) = 2𝐸𝑘(2𝜋)3𝛿(3)(…)/(2𝐸𝑘), i.e. a factor 1/(2𝐸𝑘) inside ∫ d̃𝑘 . With 𝐸2𝑘 = 𝑘⃗2 +𝑚2, the 

terms oscillating in time cancel and we get

𝐻 = ∫d3𝑥ℋ︀(𝑥) = ∫d3𝑥(𝜑̇𝜑̇† +∇𝜑†∇𝜑+𝑚2𝜑†𝜑)

= ∫d3𝑥∫ d̃𝑘𝐸𝑘(𝑎(𝑘)𝑒−𝑖𝑘𝑥 − 𝑏†(𝑘)𝑒𝑖𝑘𝑥)∫ d̃𝑝𝐸𝑝(𝑎†(𝑝)𝑒𝑖𝑝𝑥 − 𝑏(𝑝)𝑒−𝑖𝑝𝑥)

+∫d3𝑥∫ d̃𝑘 𝑘⃗(𝑎(𝑘)𝑒−𝑖𝑘𝑥 − 𝑏†(𝑘)𝑒𝑖𝑘𝑥)∫ d̃𝑝 𝑝(⃗𝑎†(𝑝)𝑒𝑖𝑝𝑥 − 𝑏(𝑝)𝑒−𝑖𝑝𝑥)

+𝑚2∫d3𝑥∫ d̃𝑘 (𝑎(𝑘)𝑒−𝑖𝑘𝑥 + 𝑏†(𝑘)𝑒𝑖𝑘𝑥)∫ d̃𝑝 (𝑎†(𝑝)𝑒𝑖𝑝𝑥 + 𝑏(𝑝)𝑒−𝑖𝑝𝑥)

= ∫ d̃𝑘 𝐸𝑘
2
(𝑎(𝑘)𝑎†(𝑘) − 𝑎(𝑘)𝑏(−𝑘)𝑒−2𝑖𝐸𝑘𝑡 − 𝑏†(𝑘)𝑎†(−𝑘)𝑒2𝑖𝐸𝑘𝑡 + 𝑏†(𝑘)𝑏(𝑘))

+∫ d̃𝑘 𝑘⃗2

2𝐸𝑘
(𝑎(𝑘)𝑎†(𝑘) + 𝑎(𝑘)𝑏(−𝑘)𝑒−2𝑖𝐸𝑘𝑡 + 𝑏†(𝑘)𝑎†(−𝑘)𝑒2𝑖𝐸𝑘𝑡 + 𝑏†(𝑘)𝑏(𝑘))

+∫ d̃𝑘 𝑚
2

2𝐸𝑘
(𝑎(𝑘)𝑎†(𝑘) + 𝑎(𝑘)𝑏(−𝑘)𝑒−2𝑖𝐸𝑘𝑡 + 𝑏†(𝑘)𝑎†(−𝑘)𝑒2𝑖𝐸𝑘𝑡 + 𝑏†(𝑘)𝑏(𝑘))

= ∫ d̃𝑘𝐸𝑘(𝑎(𝑘)𝑎†(𝑘) + 𝑏†(𝑘)𝑏(𝑘)) = ∫ d̃𝑘𝐸𝑘(𝑎†(𝑘)𝑎(𝑘) + (2𝜋)32𝐸𝑘𝛿(3)(0) + 𝑏†(𝑘)𝑏(𝑘))

= ∫ d̃𝑘𝐸𝑘(𝑎†(𝑘)𝑎(𝑘) + 𝑏†(𝑘)𝑏(𝑘)) + 2(2𝜋)3∫d̃𝑘𝐸2𝑘𝛿(3)(0),

The last term is the (infinite) zero-point energy, which is dropped by normal ordering.
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