Group Theory — Problem Sheet 2

Exercise sheet 2, Group Theory, Prof. Daniel Roggenkamp

Solutions by Janosh Riebesell, 02.06.2015

Exercise 1 (Representations)

Recall the following notions from the lecture:

a) What is a representation?

A (linear) representation of a group G on a vector space V over a field K is a group homomorphism
from G to GL(V), i.e. a map

p: G — GL(V) = Aut(V) = {all invertible, linear transf. V. — V'}

such that p(g;)p(g92) = p(9192) V91,92 €G.

V is called the representation space and dim (V') the dimension of the representation.

b) What is a homomorphism (intertwiner) between two representations?

A group homomorphism between two groups is a map that preserves the group operation, i.e. given
two groups (G, -) and (H,*), a group homomorphism ¢ with

p:G—H
fulfills ©(g; - g2) = (g1) * ©(92) V91,9, €G.
Let V] and Vj be the representation spaces of two (linear) representations of the group G,
p1: G — GL(V;), py: G — GL(W).

Then, a linear map f:V; =V, is called an intertwiner of the representations p; and py if it
commutes under the group action of G, i.e. if fop,(g) = py(g)o f Vge€G.

An intertwiner’s property can be visualized by the following diagram.

v P (9) v
Notably, an intertwiner must fulfill this diagram for every g € G. If f is
f‘ ‘f invertible (only possible if dim(V}) = dim(V3)), we have p;(g) = f~1 o py(g) ©
f and the representations p; and p, are said to be equivalent.
KRR

c) What is a subrepresentation?

A subspace W C V of the representation space V of a representation p is called a subrepresentation
if it is invariant under the group action of the represented group G, where invariant means that
gweW VgeGandVweW.

The restriction of p to W, p(W)|y, is also referred to as subrepresentation, if W C V' is an invariant
subspace: ply : G — GL(W) is then a representation on its own.

d) What are reducible and irreducible representations?



A representation p : G — GL(V) is said to be irreducible if it has only the trivial subrepresentations
{0} and V. If there is a non-trivial subrepresentation, p is reducible.

e) Recall Schur’s lemma.

If p; and py are two finite-dimensional irreducible representations of a group G and f: V], =V,
is an intertwiner between their representation spaces, then either f =0 or f is invertible, i.e. an
isomorphism.

In the special case of V; =2 V;, it further yields f = Aidy, (with A € C, if V] and V} are vector spaces
over C).

f) Argue that complex representations of finite groups are fully decomposable.

A representation p : G — GL(V) of a group G is called fully decomposable if it can be decomposed
into a direct sum of irreducible representations, p = p; @ - @ p,,, where p;, i € {1,...,n} each
irreducible. The above claim follows from this argument:

Let p: G — GL(V) be a reducible complex representation (if it were irreducible, it would be
fully decomposable by definition). Averaging any Hermitian inner product over the finite group,
(v,w)g = deG<p(g)v, p(g)w), gives an inner product with respect to which p is unitary, p: G —
Uv).

= JW C V invariant subspace.
We can define Wt ={v eV | (v,w) =0 VYw € W}. Then, since

Vg 6 G’ vw e W7 VU e WJ- . 0 — <U, w) w invaria:nt subspace <U’ p(g)w> P unitaéyrepr. <p(gfl)v’ w>’
we know that W+ is an invariant subspace as well. We infer that
p=plw ®plw:,

where p|y is still unitary, therefore we may split again. The above scheme can be applied repeatedly
until the subrepresentations become irreducible. Finally

p= @ p;, with p, irreducible V4.
i
One may say that irreducible representations are the building blocks of unitary representations.

Exercise 2 (Representations of abelian groups)

a) Show that all irreducible representations of a finite group G are one-dimensional if and only
if G is abelian. (Hint: What is the sum of the squares of the dimensions of the irreducible
representations?)

To be shown:
dim(p;) =1 Vp,: G — GL(V)) irreducible,i € {1,...,n} <= G abelian.

“=": Assume all irreducible representations have d, = dim(p;) = 1. Then we have

n n
|G| = de = Z 1 =mn, with n:number of irred. repr.
i=1 j

=1



We also have that the number of irreducible representations equals the number of conjugacy classes

of G, i.e.

n = number of conjugacy classes of G.

Therefore, ‘number of conjugacy classes’ = n = |G|, i.e. every element of G forms its own conjugacy
class.

= hgh'=g Vg heG = hg=gh VYg,heG <= G is abelian.

“<=": Assume G is abelian <= gh = hg Vg,h € G. Then, since every representation is a homo-
morphism, we have

p homomorphism G abelian

p(g1)p(g2) =" plg192) = p(9291) = p(92)p(91)-

Applying the special case of Schur’s lemma, which states that if f:V — V commutes with
plg) VYgeG,ie.

foplg)=p(g)of VgeG = f=Ady, for some X € C,

we obtain

p(g) = A jidy = = @ p;» with p; irreducible repr. ofdim(p;) = 1.

0 A

b) What are the irreducible representations of the cyclic group Z,,?

Since Z,, is abelian, we know from part a) that every irreducible subrepresentation of Z, is one-
dimensional and that there are exactly |Z,,| = n of them.

Let id(lc/ " denote the n-th root of unity in C, then the map
p:Z, — C* p(g) = idé/n Vgl € Z,

is a group homomorphism. Since id(lé/ " k€ {1,...,n} are the first through n-th roots of unity in C,
the n irreducible subrepresentations of Z,, with dimension one are

pr:G—C* pu(g?) = idék/n = 2™k with k € {1,...,n}.

Exercise 3 (Orthogonality relation)

Let (p;,V;) and (py, V,) be two irreducible (finite-dimensional complex) representations of a
finite group G. Choose bases of V; and V, and let (p, (g))ij and (p,(g)) , be the representation
matrices with respect to these bases. Then use Schur’s lemma to show:

a) If p; and p, are inequivalent, then

> (g ™), (p2(9)),, =0

geG
for all 4, 7, a, b.

To show this, we consider the matrix



My = Z Pl ' Xpy(9),
gEG p1(g 71>

where X is an arbitrary matrix with d; rows and d, columns, d; and d, being the dimensionalities
of the representations p; and p,, s.t. My is a d; X dy-matrix. Now multiplying My from the left
and right with arbitrary matrices in the representations p; and p, respectively,

p1t (h)Mxps(h Z Pl 9) Xp3(g)po(h)  for some h € G
9€G ity 1) pl( 1)
= n(h'g ) Xps(gh) g ght
G Tght
= 2)01 N Xpy(g) = My,
geG

we find that My is an intertwiner between the representations p; and p,, i.e. p;(g)Myx = Mxp5(g).
Since p; and p, are taken to be inequivalent, i.e.

BMy : pi(g) = Mxpy(g)Mx' (My not invertible),

we know by Schur’s lemma that My = 0. Therefore, writing element-wise, we have

0=(My), = (pi(971),, Xur(P2(9)),,-

geG

Since the matrix X was arbitrary, we may choose any form. We pick one X for every tuple of j,a
given by

(Xkl>ja = 5kj5la
to conclude that

> (01(971), 08010 (p2(9)),, = D (p1(971)),,(P2(9)),, = O

geG geG

for all 4, j, a, b.

b) If on the other hand p; = p,, then

1
Z P(9))ap = W%(Ea-

geG
In the case of p; = py =: p, p is still an irreducible representation of G and My with

My = ZP )" Xp(9)
geG

is still an intertwiner, so that we may apply Schur’s lemma for the special case of V; =V, =V to
conclude

My = Xidy, for some A € C for every g € G.

Taking the trace of My, we obtain

Tr(My) = Try, (Z p(g)X p(sz)) MRS Ty (g7 Xp(g))

geG geG



cyelicitgftrace Z TI‘V p(g)p(gfl) Z TI'V (ldVX) = |G| TrV (X)’
N

9eC plggt)=p(e)=idy 9€@ X
. . . G
Tr(My) = Tr(Aidy,) = A Tr(idy) = Adim(V) = A= dlI’n(’V) Try, (X).
Choosing again (Xja)kl = 0y,04,, We obtain
(M), = D (p(g7)) 0850 (P9 = D (p(97),,(P(9))at
9eqG geG
_ g _ _lg| el
b — dlm(V) rV( ) b — dlm(V) TrV(dkj(sal)(S b — d m(V) 61b6
Srs0an=0,a
= = S (7)), (0 = G G
|G| ij @ dim(V) 7
geG
c) Deduce that
nﬁmif N
]G\ me “'h)X,,(9) = 4 dim(p,) Pr=ra
9eG 0 otherwise.

We express the characters x, (97'h) == Try, (py(g7"h)) and x,_(g) := Try, (p2(g)) as
X, (971h) =D (p1(g71), (pa(R)),, and x,,(9) = D (pa(9)),,

,J k
to obtain
1
1G] 2 Xeu (97T 1)X,,(9) ZZm (1 (1)), (p2(9)),.,
9eG gEG 1,0,k
1
= e 2= 2 (m <g*1>>ij<p2<g>>kk<p1<h>>ﬁ
i3,k g€G
1 Xp(h) .
i = = 20 it = py =
dlm ’LZ 51[‘7 Jl dlm(V) ; (p<h))k‘k dlm(V) o P2 p using b)
|G| Z 0- otherwise using a).

7]7

Exercise 4 (Symmetric and antisymmetric products)

Let (p,V) be a finite-dimensional representation. Consider the tensor product representation
pR@ponVV.Definec: VRV ->VVbyolv vy =v,0v;, Yv;,v, € V.

a) Show that the tensor product decomposes into the sum V ® V = S2V @ A%V of spaces
of symmetric and antisymmetric tensors S?V = {v € V@V | o(v) =v} and A2V ={v eV ®
V | o(v) = —v}, and that these are invariant subspaces in V' ® V. (Hint: Consider the projectors
s1+0): VOV VRV

Following the hint, we examine 7, = 1 (idygy £ 0): VOV 2 VQV,



mt = S (dygy + 0)2 = (2idygy +20) =m,.

> =

1
- ld%/(X)V :I: 21dV®VJ + 0'2 =

>~ =

X id
dygy o vev

As hinted, we find m_ to be projectors. In addition,

: L. :
T+ = 5 (idvgy +0) + ) (idygy —0) = idygy-

N =

Therefore, the tensor product V ® V can be decomposed as
VeV =In(r,)®In(r_).
It remains to be shown that Im(m, ) = S?V and Im(m_) = A%V.

S2V CcIm(m,): YveS?*V:o(v)=v

* (idyay (@) +o(0)) =

= 52V C Im(n, ),since m, is projector,

= Vv e SV :m, (v)= (v+v)=wv

N | =

Im(r,) C S?V: Vv € Im(n,): m, (v) = v,since 7 is projector

— 7, (1) = 3 (dygy(v) + 0(0) = 5 (v+0(v)) Lv = 0v) =
= Im(m, ) C S?V
= Im(m, ) = S?V.
This goes through analogously for Im(w_) = A%V,
=VeV=_S5VaeAV.

To further show that S?V and A2V are invariant subspaces in V ® V, we remember a remark from
the lecture, which states that image and kernel of every intertwiner form invariant subspaces. Since
o is an intertwiner because it fulfills p ® p(g) co =00 p® p(g), so is 7, w.r.t. p® p. Therefore,
S2V and A%V are invariant subspaces.

b) Show that the characters of the corresponding subrepresentations can be expressed as

xs2v(9) = 3 [0ev ()7 + xv (3]s xazv(9) = 3 [(xv(9)® — xv(¢?)]. (A character is defined
as the trace over a representation, xy (g) = try(p(g)).)

A subrepresentation is formed by restricting a representation p to a subspace W of its represen-
tation space V, p|y,. Since m, are projectors onto their respective subspaces, we may write the
subrepresentations p ® p|g2y, and p ® p|s2y as

PRpls2y =p®pmy, pPRplr2y =p@pT_.

Making use of 7 also being intertwiners, we may express the characters by
1 .
Xs2v(9) = trygy (T, p® p(g)) = B [trygy (idygy p ® p(9)) + trygy (o p ® p(9))],

1 :
Xazv(9) = trygy (T_p ® p(g)) = B [try gy (idvey p ® p(9)) — trygy (0 p ® p(9))]-
We can simplify both summands:

trygy (idygy » ® p(g)) = try (p(g9))try (p(9)) = [try (p(9))]* = X} (9).



To calculate the second, we need to choose a basis, say e;, for V. Then
trygy (00 ® p(9)) = trygy (0 p(9) ® p(9)(e; ®¢;))
= trygy (p(9) ® p(9)(e; ® €;)) = trygy (Pa;(9)pri(9)e” ® )
= try(p(g) - p(g)) = try (p(g?))-

Reinserting the simplifications into x g2y,(g) and x2y(g), we arrive at the desired result:

Xs2v(9) = % X3 (9) + xv (%)),
Xazv(9) = % X3 (9) — xv(g%)]

Exercise 5 (Representations of D)

Consider the dihedral group
D5 = {6 = RO’ Rl’ RQ’ RS’ R4’ SO) Sla S2a S37 54}

of symmetries of the regular pentagon in the plane. Its character table is given by

D; |Gy ={e} Ci={R,,Ry} Co={Ry, Rs} C5={Sp .-, 5}
Xo 1 1 1 1

X1 1 1 1 —1

X2 2 Q& B

X3 2 B &

a) Use orthogonality of characters to show that o = % (—1 + \/3) and 8 = % (—1 — \/5)

The orthogonality relation of two characters is given by

Ca ~(a) -
ZXz ‘|G|‘ = 0;;, where x(g) =x(g7)-

The orthogonality of rows works just as well here, but we apply the orthogonality relation for
columns given by

16l
ZX@ Xz C(b |C ‘ 5ab‘

Multiplying the first and second (or third), and the second and third columns, we obtain the
constraints

1-14+41-1420+28=2+20+28=0 < l+a+B8=0,
1-141-1+af+fa=2+2a8=0 — 1+af=0,
= f=—(14a), l+af=1—-a(l+a)=1—-a—a?=0
1\*> 5 5 _ 1

— < li\/_))=%(—1:|3\/5)-



b) Consider the following representations: p, ® p,, A2py, S?p,. Determine their characters and
decompose them into irreducible representations.

Characters are multiplicative with respect to tensor product, i.e.
Xpy@ps (9) = Xp, (9) * X, (9)-

Applying our result from exercise 4.b), i.e.

(Xv(9) +xv(9%), xazv(9) = %(x%(g) —xv(9%)),

N

Xs2v(9) =

we may write a new character table for x, g, , X525, Xa2p,

e’ c, c, C,
Xpyop, | 4 @*=1—a B2=1-4 0
Xs2p, | 3 —« —B 1
Xazp, | 1 1 1 1

Usinga+f=-1le.l1—a=2+fand1— =2+, wefind x,,g, = Xo+ X1 + Xx3- Therefore,
P2 ® Py 2 py @ py @ p3 = S?py ® A%y, where

Xs2p, = Xo T X3 = S%py 2 py @ p3,

XAzp, = X1 = A’py=p;.
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