General Relativity — Exercise Sheet 3

Exercise sheet 3, General Relativity, Prof. Bjorn Schéfer

Solutions by Roland Walz and Janosh Riebesell, 01.05.2015

Problem 1: Fun with Indices (10 points)

Consider the metric g"” with diag({g“”} ) = (a,b,—b"',tan(d)).

“1”6{0717273}

a) Calculate g,,,,.

As stated in lecture 5, g, is simply the inverse of g"”. Since g"” is diagonal, its inverse can be
computed by inverting all entries.

11
A i P —
G = (g") = dlag<{gw}we{ovlj2’3}> (a,b, b,cot(d))-

b) Let’s assume that we're in Cartesian coordinates (¢, ,y, z). What is the line element ds??

1 1
ds®> =d8-ds =ds, ds* = dstds” = — dt? + 3 dz? — bdy? + cot(d) dz2.
a

Iuv

c) Given {$#}ue{0,1,2,3} =(1,0,1,0)", what is z,,?

y (1
{x“}ue{o,Lzs} - {g‘“’}u,ue{o,l,m}{m }V€{0,172,3} N (Z’O’ _b’0>'

d) You're given the line element
ds? = c?2dt? —dr? — r?2 dy?.
What sort of coordinate system are we using? What does the metric look like?
There is no unique answer to the above questions. Two obvious possibilities are
ds = (cdt,dr,rdp)T and ds= (dt,dr,dp)7,

in which cases the metric is given by

1 0 0 2 0 0
g=10-1 0 and g=|0 —1 0 |,
0 0 —1 0 0 —r2

respectively. There are more.

Problem 2: Metric tensor and equations of motion (10 points)

The metric can be written as

. ox'P 0z’°
G = o G

In three-dimensional Euclidean space, this is just a coordinate transformation.



a) Find g,, for polar coordinates (r,f, ). Neglect the zero-components, i.e. py=1i€ I =

{1,2,3}.

The transformation to polar coordinates is given by

x=uxz(r,0,p) =rcospsind, y=uy(r,0,¢p)=rsinpsinb,
z=z(r,0) =rcos, wherer eR,,0¢c][0,7],¢€[0,27).

To calculate the metric with the above formula, we need the Jacobian J of this transformation:
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J = {Jik}k,iel - %
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cossinf rcospcosf —rsinpsinf
= | singpsinf rsinypcosf rcosysinb
cos 6 —rsinf 0

{gij}i’jel = {Wkl}kyld{‘]ik}k’iel{J}}Me[ =-JTJ

—1,

cos psin 6
(),
= (JTJ)21
(JTJ)31
(79,
(I70),, = (7,
(T0) = (T,
(770),, =
(7 0)yy = (),
(J17) 2
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= {gij}i,jel =— (0 r2

0 0 r2sin26

=12 cos? p cos? § + r?sin? p cos? § + r2sin? § = r?,

sinpsinf rsinpcosf 7rcospsinb
cosf —rsinf 0

sinpsinf  cosf cos psinf rcospcosf —rsinpsinf
=—| rcospcosf rsinpcosf —rsind
—rsinpsiné rcospsind 0

T, (JTT),,
(JTJ)
JTJ)

(JTJ)23 ,  with
(JTJ)33

= cos? psin? § + sin? psin? § + cos? 6 = 1,
= rcos? psinfcosf + rsin? psinfcosd — rsinfcosh = 0,

= —rsincos psin? @ + rsin ¢ cos psin? § = 0,

2

= —r2 sin ¢ cos psin  cos § + r? sin ¢ cos psin O cos § = 0,

= r2sin? ¢ sin? § + r2 cos? psin? § = r?sin? 6,

).

b) Now limit yourself to the surface of a sphere in R3, i.e. a 2-sphere. Calculate all remaining

Christoffel symbols 7}, using

a
Ly =

af
g
5 (

9B T 9upw — g;w,ﬁ)'

Remark: In the above formula, a shorthand notation is employed, in which nabla symbols and
partial derivatives are dropped and instead the indices with respect to which a quantity is derivated

are separated by semicolons and commas, respectively. E.g. g, , stands for

agvﬁ
ozxk *

On a three-dimensional manifold, there are a total of n3 = 33 = 27 Christoffel symbols. However,

since I)f}, is symmetric in its lower indices, i.e. I'7}, = I, . a total of 9 symbols occur twice so that

vuo

we only need to calculate 18 Christoffel symbols. In R3, we write the formula for Ly as

1J 9

ra _ g% (995  Bgy 99
ozt OxJ ozk

rfori=1

), where a,i,j,k € I = {1,2,3} and 2° = < 0 for i = 2.

@ fori=3



With this preparation, we calculate the following symbols (* when limited to sphere, 7 = const):
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11 D) g

I, = %glk
F113 = %glk
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I‘232 = ég?’k
T3 = égf&k
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c) Write down the equation of motion by using the geodesic equation,
i+ Thpa%? =0 (in R3: &' 4 Tha%a? = 0 with i,a,b € I = {1,2,3})
T apZ T = 1T apThT’ = 1,Q, = 1,2, . (1)
ol =r: ' +TL3%3% = 3! + TL3%40% + Tha%33 =7 — 2 — rsin? 0p? =0,
.2 .
@ =0 @+ Ta0" = & 4 Tpi'e? + 07 %" + Thi®a® = 0+ ~#0 — sinfeosfp” = 0,
2 R
¥ = @+ TRa0d" = & 4 Thd'e® + Tfa%e! + Tha%a® + THa%s? = o+ ~ip+2cot 00 = 0.
When limited to the surface of a sphere, the e.o.m.s simplify to

r:i=0, 0:0—sinfcosfp® =0, ¢:@p+2cothhp=0.

Problem 3: Weak field I: Equations of motion (10 points)

Consider the weak-field limit of general relativity with a central potential ®(r) = — c% GTM . The

line element reads

$°=(14+2®(r))dt* — (1 — 2P(r ré4r ,  wit = + sin ©p=.
ds? ) de? o dr? + r? d0? hdQ? = d6? 20dyp?

a) Find the action S = —mc [ d7 /o~

ds, dst ds\? dt 2 dr\? dg\? de \?
P2 =g g = _*°  _Z — el (11— 2 2 2
v Tu dr dr (dT) (1+2¢’(r))<dr) (1 Zq’(r))((dT) tr (dT) trosin 6(dr>
= (1+2®(r) — (1 —2®(r))(# + r26% + r? sin? §?),

8 = —me [ dr [(1+28(0)8 — (1 20()) (7 + 26" + 2 sin? 07| .

b) You can now read off a Lagrangian L. Why could it also be given as

L= (1+28(r)) — (1 —28(r))(# + r20 + r2sin? 02 )?

1

We read off I, = —mc[(l + 2@(7‘))i2 —(1-— 2@(7‘))(7'~2 + 7262 + 72 sin? 9@2)] 2

In exercise 2 of sheet 1, we showed that the e.o.m.s don’t change under transformations of the type

. . ) d
L£(g,4:t) = L'(q,4,t) = aL(g,¢,t) + 7 f(a1).
In our case, a; = —mec can therefore be dropped. A square also has no effect on the e.o.m.s:

oéésza/dTL:/dTaL — oéasza/dn/fz/ch oL
2V L

Nl et
Qo

Applying a variation to S, the square root gives just another scaling factor as,.

¢) Compute the equations of motion from the Euler-Lagrange equations. (Hint: Only keep
terms that are linear in ® or quadratic in ¢;.)



odor oL d . _ 0% o G O%(1) (2 age 22 g0
e T B = 5[2(1 20(r))r| —2 ——= . 27(7" + 76% 4 r®sin 0<p)
+2(1 — 28(r))r6? + 2(1 — 28(r))rsin? §p* = 0
- ()t ®(r) 21242 4 022002 )2 12 0052 20(r) .o _
= 7 A—200)r  (1—200)) (r + 7°6° + r*sin 9@) r8* — rsin® f¢p +mr =0
o(r)

e 7#— 1% —rsin? 9(,'02 — ) (P — 72 4+ 72602 + r2 sin? 6‘{02) =0,
r

(1—2®(r))r

codoL oL ,d g 2 _ 24 2
0: 90 90 2 I ((1 20(r))r 0) +2(1 —2%(r))r’sinfcos 0p* =0
o . . .
= 4 LET)%TZQ —4(1 —28(7))rif — 2(1 — 2®(r))r20 + 2(1 — 2®(r))r? sin f cos fp% = 0
. 20(r)if B o(r) o
= 0+ T —20()r 2 9 sinfcosfp® =6 +2— 01—2@(7") sin f cos 0p* = 0,
d 0L 0L

7r2sin? 0p — 4(1 — 2®(r))rv sin? ¢

_d 2 0%(r)
= d—( 2(1 —2®(r))r?sin? 6p) = 4 i

T o o
—4(1 — 28(r))r? sin 8 cos B¢ — 2(1 — 28 (r))r? sin® 6 = 0
20(r) . 1—o(r)

. o0l NP ) _
= p+ 7(172¢(T))Tw+ T<p+ cot00p = ¢ + Tgo ~25(r) + 2cot #0p = 0.
In the above simplifications, we used that M)(T) 82 (— GM )= GM _ _ 2(r)
7‘ ‘s ceTr ceTr T

d) By identifying your equations of motion with the geodesic equation (1), find all non-trivial
Christoffel symbols I'

1 ®(r) D(r) . o(r)
l=p: TN =-TL=—>—"""_ T})=—rl1+ —— Iy =— 2011+ —2—
e T I T( i ) T M T )
1 1—®(r) .
22=0: T4 =12 = F1200) T4 = —sinfcos¥,
3 . 3 3 1 1-2(r) 3 3 .
w=p: Iy=I3 = - T@(r)’ I5y =TI, = cot 8, all other Christoffel symbols zero.

Problem 4: Weak field II: Let’s lens like it’s 1919 (10 points)

We’ve seen that in a weak-field limit, the metric tensor can be written as

1+ 0 0 0
0o —-(1-%) 0 0

Tw =g 0 —(1-22) 0 ’ (2)
0 0 0 —(1-122)

where ® is the Newtonian gravitational potential. From this, and from Fermat’s principle,
we’re going to derive the correct gravitational lensing deflection angle after having seen the
Newtonian case on practice sheet 1.

a) What are the assumptions that go into finding this limit?

The metric in eq. (2) can be derived in the limit of slowly moving particles (v <« ¢) and a weak
(gravitational) field by employing the ‘infinitesimal’ Ansatz

9pv = My + hyys  where b, < 1.

Write down the line element ds? = g, dz# dz¥ in Cartesian coordinates (ct,z,y, 2).



ds? = (14+2®/c?)c?dt? — (1 —2®/c?)(dz? + dy? +d2?) = (1 + 28 /c?)c? dt? — (1 — 28 /c?) dZ>.

b) What special sort of geodesics do light rays follow, i.e. what value does ds have for light?

Light rays follow null geodesics, i.e. ds = Vds? = 0.

c) From part b), you can infer the effective velocity of the light ray in the gravitational field,

/

c = ‘é—‘f. Approximate it, using that for a <« 1,
Vi4+a/V1—a=~(1+a).

£ can now be written down. Use (1+a)™! ~ 1 —a.

C

| dz? [1428/c?
=ds?2 = |(1+2®/c2)c?2 — (1 —28/c?) — 2 P =y — =L e~ (1+20/c2
0 =ds (14+2®/c?)c* — ( /c?) T dt? = ¢ 1—2@/020 (1+2®/c?)c,

The refractive index, n =

d) Fermat’s principle states that light takes an optically extremal path, i.e.

5/dl n(@(l)) = 0.

We can write dl = |9£|d\ = 2| d)\, where we defined Z:=dz/d). Put this into Fermat’s
principle, which should look like the variation of an action to you now,

6/dtL(3‘c’,§,t) = 0.

What is the ‘Lagrangian’ L(:E, z, )\) in our case?

e) Show that applying the Euler-Lagrange eqs.

d 0L 0L
d\ 97 0%
yields something of the form
d =
— (n€,) = (In) |3, 3)

where Vn = %n and €, is the unit vector pointing in Z-direction. We can set |:§| =1 for
simplicity because the scale of A is arbitrary.

d oL d 0 5 . d , . OL 0 /s . = 5
Tgs T D g (FVINGEW) = FEnERN). T = gz (O @) = (¥n) 1
€,0/0 ||
i >



f) Simplify eq. (3) to the form (Hint: &n = % 42 Also use that |Z| = 1, thus 2 = &,.)

<

n- el—;) + ne;.

Subtracting the first product-rule term to the left of eq. (3), we get: né, = Vn — &, (%n . 89-0).

g) Since the right-hand side is subtracting the light-ray direction of Vn from 677,, the only
remaining part is the one perpendicular to the ray, V n, such that

—

=V, Inn

S|
<
'_

ej;:

Plug in n from part ¢) and use In(1 — a) ~ —a. What do you get for €,?

2
—2V,%.

€, =V, Inn=V, In(1-28/c?)~V, (—28/c?) = 3
c

h) The deflection angle is given by & = [ dA ( ) What do you get if you use your knowledge

& = /dA(—éi) /d,\ V,®= 632 /dA?@.

i) Your resulting integral can be cumbersome, since we would have to continuously integrate
over the light path. However, since we assume the deflection angle & to be small, we can
use the Born approximation from scattering theory, introducing the impact parameter £, and

of &, from part g)?

integrating over the unperturbed path

2 [ .
a(e) = % /_OO OV, 8.
For simplicity, we assume that £ lies in the x-y-plane. Then the distance to a point-like mass at
the origin is 72 = €2 + A2 (because ) is evaluated at the unperturbed path). Taking ® = — GT{” ,
we get V|, @ = (i—st and thus for the deflection angle
2GM
¢ d)\ —

Evaluate the integral. &(&) is then the fully relativistic gravitational lensing deflection angle.

First we reproduce V 1O

GM GM - GM - GM 2& GM
VJ_® VJ-(__):_ZVJ-TZ_Z VJ_ \/§2+)\2: 3 = 3 5
T T r ﬁw_’d/dg T 24 /52 +)\2 T

We now move on to evaluate the integral using substitution,

> 1 & 1
I::/ d)\—3:/ d)\—”.
. T . (§2+)\2)/

We know all occurring values to be positive so that we may substitute



_ _ ¢ — o) = X\_T — —o0) = ol
A=¢tan(u), dA= p—T du, u(A=o00)= arctan( ¢ ) =3 u(A=—o0) = arctan( ¢ ) =—5
giving the integrand (£2 + )\2)73/2 = (&2 + ¢% tan? u)f?’/2 = g% (1+ tan? u)73/2 = gi cos® u. There-
fore,

oo 1 w/2 1 1 /2 1 . )
I:/ d)\—:/ dui—cos?’u:—/ cosudu:—sinu|7/2/2:—.
o (24222, cosPu & & J s ¢ e

Consequently, the relativistic lensing deflection angle &(¢) is given by

2GM 2GM | 2 4GM
c2 3 c2 552 c2¢

a(¢)

Problem 5: Extra question: Sym-Metric (5 points)

Why does the metric tensor g,, necessarily have to be symmetric? What implications would
asymmetry have on the equations of motion?

As soon as one has a concept of distance, one can define an inner product and from this the metric
follows and inherits its symmetry. Since x - y = y - £, we can require

! v
w-y:guyl‘uy'/:gyuy xt =Yy-xr == g;u; :gu,u'
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