
Quantum Field Theory II – Assignment 5

Exercise sheet 5, Advanced QFT, Prof. Jürgen Berges

Solutions by Janosh Riebesell, 16.05.2015

Problem 5.1 (Diagrammatic route to the Coleman–Weinberg potential)

On assignment sheet 4, we looked at how to compute the Coleman–Weinberg potential to one 

loop for a 𝜙4 theory using path integral techniques. This week, we compare this result to that 

computed from only using Feynman diagrams. Recalling that

𝑆[𝜙] = ∫d4𝑥(− 1
2
𝜙(𝑥)(𝜕2𝑥 + 𝑚̃2)𝜙(𝑥) − 𝜆

4!
𝜙4(𝑥)). (1)

a) Draw all 1-loop diagrams of 𝜙4 theory (with an arbitrary number of legs), up to order 𝜆3.

𝜆 : 𝜆2 : 𝜆3 :

b) Show that

Γ[𝜙] ≈ 𝑆[𝜙] − 𝑖 ln∫𝒟︀𝜑𝑒− 1
2 ∫d𝑥 d𝑦𝜑(𝑥)𝐺

−1
0 (𝑥,𝑦;𝜙)𝜑(𝑦) = 𝑆[𝜙] + 𝑖

2
tr ln𝐺−10 (𝜙) (2)

with 𝐺−10 (𝑥, 𝑦; 𝜙) = 𝑖(𝜕2𝑥 +𝑚2 + 𝜆
2 𝜙

2(𝑥))𝛿(𝑥 − 𝑦) ≡ 𝐺−10 (𝑥, 𝑦; 𝜙 = 0) + 𝑖 𝜆2 𝜙
2(𝑥)𝛿(𝑥 − 𝑦).

Hint: You may recall that ln(det𝐴) = tr(ln𝐴).

To obtain the second equality, we only need to show

−𝑖 ln∫𝒟︀𝜑𝑒− 1
2 ∫d𝑥 d𝑦𝜑(𝑥)𝐺

−1
0 (𝑥,𝑦;𝜙)𝜑(𝑦) = 𝑖

2
tr ln(𝐺−10 (𝜙)).

We use the result of exercise 3.2 d) to perform the path integral

∫𝒟︀𝜑𝑒− 1
2 ∫d𝑥 d𝑦𝜑(𝑥)𝐺

−1
0 (𝑥,𝑦;𝜙)𝜑(𝑦) ≡ ∫𝒟︀𝜑𝑒− 1

2 𝜑⋅𝐺
−1
0 (𝜙)⋅𝜑 = √ (2𝜋)𝑛

det𝐺−10 (𝜙)
,

where 𝑛 = dim(𝒟︀𝜑) is the dimensionality of the path integral measure. Reinserting this expression 

into what we want to show gives

−𝑖 ln√ (2𝜋)𝑛
det𝐺−10 (𝜙)

= 𝑖
2
ln(det𝐺−10 (𝜙)) −

𝑖
2
𝑛 ln(2𝜋) = 𝑖

2
tr ln(𝐺−10 (𝜙)) −

𝑖
2
𝑛 ln(2𝜋).

Apparently, we obtain an extra term of − 𝑖
2 𝑛 ln(2𝜋) and thus cannot confirm eq. (2).

c) Writing ln(𝐺−10 (𝜙)) = ln(𝐺−10 (0)) + ln(𝐺0(0)𝐺−10 (𝜙)) with

(𝐺0(0)𝐺−10 (𝜙))(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦) + 𝐺0(𝑥, 𝑦; 0)𝑖
𝜆
2
𝜙2(𝑦), (5)

expand the logarithm and identify your diagrams in part a) with the terms in your expansion.
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The Taylor expansion to order 𝑛 of a function 𝑓(𝑥) at point 𝑥 = 𝑎 is given by

𝑇𝑛𝑓(𝑥)|𝑥=𝑎 =∑
𝑛

𝑘=0

1
𝑘!
d𝑘𝑓(𝑥)
d𝑥𝑘

|𝑥=𝑎 (𝑥 − 𝑎)𝑘.

The natural logarithm is expanded easiest by writing the argument as 𝑥 = 1 + 𝑦, yielding

ln(1 + 𝑦) =∑
∞

𝑛=1

(−1)𝑛+1

𝑛
𝑦𝑛.

Thus, we find

Γ[𝜙] ≈ 𝑆[𝜙] + 𝑖
2
tr ln(𝐺−10 (0))⏟

(∗)

+ 𝑖
2
tr ln(𝛿 + 𝐺0(0)

𝑖
2
𝜆𝜙2)

= 𝑆[𝜙] + 𝑖
2
∑
∞

𝑛=1

(−1)𝑛+1

𝑛
tr[(𝐺0(0)

𝑖
2
𝜆𝜙2)

𝑛
] ≕ 𝑆[𝜙] + 𝐼[𝜙],

where (∗) needs to vanish, maybe because = ln det[𝑖(𝜕2 +𝑚2)] = 0. Written out explicitly, 𝐼[𝜙] 
reads (due to the trace)

𝐼[𝜙] = 𝑖
2
∑
∞

𝑛=1

(−1)𝑛+1

𝑛
∫d𝑥1⋯∫d𝑥𝑛𝐺0(𝑥1, 𝑥2; 0)

𝑖
2
𝜆𝜙2(𝑥2)𝐺0(𝑥2, 𝑥3; 0)⋯

𝑖
2
𝜆𝜙2(𝑥𝑛)𝐺0(𝑥𝑛, 𝑥1; 0)

= − 𝜆
4
∫d𝑥1𝐺0(𝑥1, 𝑥1; 0)𝜙2(𝑥1) +

𝑖𝜆2

16
∫d𝑥1∫d𝑥2𝐺0(𝑥1, 𝑥2; 0)𝜙2(𝑥2)𝐺0(𝑥2, 𝑥1; 0)𝜙2(𝑥1)

+ 𝜆
3

48
∫d𝑥1∫d𝑥2∫d𝑥3𝐺0(𝑥1, 𝑥2; 0)𝜙2(𝑥2)𝐺0(𝑥2, 𝑥3; 0)𝜙2(𝑥3)𝐺0(𝑥3, 𝑥1; 0)𝜙2(𝑥1) + ⋯

=̂ + + +⋯,

where the last equivalence holds only up to symmetry factors.

d) Verify that this indeed reproduces 𝑉eff = 𝑉 tree + 𝑉 1-loop of last week’s assignment.

In the referred-to problem 4.2, we were considering a constant background field, i.e. 𝜙(𝑥𝑖) = 𝜙0 ∈
ℝ ∀𝑖. Inserting for the propagator

𝐺(𝑥1, 𝑥2; 0) = ∫
d4𝑝1
(2𝜋)4

𝑖
𝑝21 −𝑚2 + 𝑖𝜀

𝑒−𝑖𝑝1(𝑥1−𝑥2),

we get
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= − 𝜆
4
∫d𝑥1∫

d4𝑝1
(2𝜋)4

𝑖𝑒−𝑖𝑝1(𝑥1−𝑥1)

𝑝21 −𝑚2 + 𝑖𝜀
𝜙20 = −

𝜆
4
𝜙20Volℝ1,3∫

d4𝑝1
(2𝜋)4

𝑖
𝑝21 −𝑚2 + 𝑖𝜀

,

= 𝑖𝜆2

16
∫d𝑥1 d𝑥2∫

d4𝑝1
(2𝜋)4

𝑖𝑒−𝑖𝑝1(𝑥1−𝑥2)

𝑝21 −𝑚2 + 𝑖𝜀
𝜙20∫

d4𝑝2
(2𝜋)4

𝑖𝑒−𝑖𝑝2(𝑥2−𝑥1)

𝑝22 −𝑚2 + 𝑖𝜀
𝜙20

= 𝑖𝜆2

16
∫ d4𝑝1
(2𝜋)4

∫ d4𝑝2
(2𝜋)4

∫d𝑥1∫d𝑥2
𝑖𝜙20

𝑝21 −𝑚2 + 𝑖𝜀
𝑖𝜙20

𝑝22 −𝑚2 + 𝑖𝜀
𝑒𝑖(𝑝2−𝑝1)𝑥1 𝑒𝑖(𝑝1−𝑝2)𝑥2⏟

∫→(2𝜋)4𝛿(𝑝1−𝑝2)

= 𝑖𝜆2

16
𝜙40Volℝ1,3∫

d4𝑝1
(2𝜋)4

( 𝑖
𝑝21 −𝑚2 + 𝑖𝜀

)
2

,

= 𝜆3

48
𝜙60Volℝ1,3∫

d4𝑝1
(2𝜋)4

( 𝑖
𝑝21 −𝑚2 + 𝑖𝜀

)
3

.

Thus, reintroducing the infinite sum, we obtain

Γ[𝜙] ≈ 𝑆[𝜙] + 𝑖
2
Volℝ1,3∫

d4𝑝
(2𝜋)4

∑
∞

𝑛=1

(−1)𝑛+1

𝑛
( 𝜆
2
𝜙20

1
−𝑝2 +𝑚2 − 𝑖𝜀

)
𝑛

= 𝑆[𝜙] + 𝑖
2
Volℝ1,3∫

d4𝑝
(2𝜋)4

ln

(






1 + 𝜆
2
𝜙20

1
𝑚2 − 𝑝2 − 𝑖𝜀⏟

𝑚2−𝑝2−𝑖𝜀+ 𝜆2 𝜙
2
0

𝑚2−𝑝2−𝑖𝜀 )






.

The above is an intermediate result of problem 4.2 from right before the application of the residue 

theorem. We may proceed here in the same manner to reobtain our previous result of

𝑉eff(𝜙0) ≔ − 1
Volℝ1,3

Γ[𝜙0] ≈ 𝑉 tree(𝜙0) + 𝑉 1-loop(𝜙0)

= 𝑉 tree(𝜙0) +
1
2
∫ d3𝑘
(2𝜋)3

(√𝑘⃗2 +𝑚2 + 𝜆
2
𝜙20 −√𝑘⃗2 +𝑚2).
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