General Relativity — Exercise Sheet 12

Exercise sheet 12, General Relativity, Prof. Bjorn Malte Schafer

Solutions by Roland Walz and Janosh Riebesell, 03.07.2015

Problem 1 (Lie derivative) [15 points]

The Lie derivative (£,v)" was established via a coordinate transform of 7#(Z) to v*(z) for the
r.h.s. and an expansion of v* around x for the l.h.s.

a) Derive the Lie derivative of a (1, 1)-tensor Z#, in the same fashion.

In general, the Lie derivative of an arbitrary tensor T € 7. of rank (7, s) with respect to a vector
field a on a manifold M is defined as
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where ~, is the flow of a. Evidently, the Lie derivative of a rank (r, s)-tensor is itself again a rank
(r, s)-tensor.

To find an expression for the components of a Lie derivative of a (1,1)-tensor Z, we apply the Lie
derivative to the tensor product Z ® dz* ® J,,, in which the set {8u} forms a coordinate basis of
the vector field a and the set {dz*} is its dual basis.

Leibniz rule

L,(Z@dx*®0,) = (L, Z)Q@dz*®0,+Z® (L,dz")® 0,
+Z @dz* ® (L,0,).
A full contraction of the above yields

L2 =(L,Z)" + Z(9,a* dz*,d,) — Z(dz*,d,a"d,).

ard, 2" (0,an) 27, (0,072,

Solving for the components of the Lie derivative of Z, i.e. (£,Z )’fj , We arrive at

(.CaZ)”V =af0,Z", — (8pa“)Zpy + (8ya”)Z’;.

b) Compare the result of part a) to the one given in the script for the (0, 2)-tensor g,,. What
is the difference?

The Lie derivative of the (0,2)-metric tensor g,,,,, as taken from the script, reads

(‘Cag)lu/ = 00,9, + (0,0)9,, + (9,0°)g,,

= a0 —ally — a7

9 G V90 + a1y

" Jow
+a°T5,9,5 + (8,07)9,5 + (0,07) g4,

= *V o9, + (V09,0 + (V,07) 5,
0

= (V,a") 940 + (V,407) 90,
=V,a,+V,a,, (=0if a, is a Killing vector field)



where Vg, = 0 because we are free to choose an affine connection and vanishing torsion such

that a parallel transport operation preserving lengths and angles is ensured. This condition, which
we may not impose for an arbitrary rank (1,1)-tensor such as Z, is the reason why we were able
to derive the much simpler expression for the Lie derivative of the metric given above.

Problem 2 (Killing vectors) [15 points]

The Lie derivative of the metric g,, is given by
(‘C’ag)l“, = gp/\vl/a/\ + gAuqu’)\ = vlla’,u + v,ua’z/a

where V , are covariant derivatives. For a Killing vector £, we have (Egg) =0.
v

a) For the 2-sphere, ds? =df? + sin? # dp?. Show that the Killing vector field is related to the
angular momentum.

From the line element ds? = g, dat dz”, where p,v € {1,2} with 2! =0, 22 = ¢, we extract the

following metric
11 .2 L 12 21
g1 =1=g", g =sin 92922, gr2=9 =91 =9 =0.

Using %, =3 9° (0,95, + 0,95, — 059, ), we find that only three of the eight Christoffel symbols
of the 2-sphere are non-vanishing;:

L), = —sinfcosf, (I} =T}, =Ty =0),
Y, = I} = cot b, (F121 =0 = 0).
Killing’s equations (Egg) = 0 then provide the following determining conditions for a Killing

%
vector &:

i) 0= (Egg)n =V + Vi =206 *Efigp) = 2048y,
0Vp

i) 0= (Leg),, = Vaba + Vb = 2(0s6, —THE,) = 2(8,&, + sin 6 cos 64,
iii) 0= (559)12 = (559)21 =Vi& + Vo =0, — F].p2£p + 056, — I‘2[)15,)
= 0p€, + 0,89 — 2 cot O,

From condition i), we gather that £,(6, ) = &(p). Thus, if we can construct a differential equation
for £4(¢), it should be easy to give a solution. We differentiate iii) w.r.t. ¢ to get

89&{)5@ + 83359 — 2cot 08Lp§p =0.
Inserting ii), i.e. 9,§, = —sinf cos 0§y, we obtain
0 = p(—sin b cos0,) + 02€5 — 2 cot B(— sin f cos 64)
= —cos® 0, + sin® 0, + 02&, + 2 cos® 0,
= 02¢y + &,

which is exactly the differential equation describing the harmonic oscillator. Its most general
solution is



€p(p) = ¢y sinp + ¢y cosp, with ¢;, ¢, constant.
€,(8, p) is still undetermined, so we insert £y(¢) into ii),
0,8, = —sinf cosf(c; sin p + ¢, cos ),
and integrate to obtain
£,(8,p) = sinf cosb(c; cos p — cysinp) + f(6),

where f(6) is an, as yet, unknown function solving the homogeneous differential equation 0,8, =
0. It can, however, be determined by inserting £,() and £, (6, ¢) into iii):
0= 0p€, + 0,y — 2 cot O, = Oy(sin 6 cos B(cy cos p — ¢y sinp) + f(0))
+0,,(cy sin g + ¢4 cos ) — 2 cot O(sin 6 cos O(c; cos p — ¢, sin p) + f(6))

= (cos? @ — sin? 6)(c; cos p — ¢y sin ) + %ff) +c; cosp — ¢y sinp
—2co0s? f(c; cosp — cysinp) — 2cot Of(0) = %(:) —2cot0f(8) = 0.

Division by sin? # and reverse application of the product rule gives

1 90f(0) cos 0 B f0)\
sin26 00 —2 sin3 0 $(6) = 2 ( sin? 0) =0

—9, —L
ag sin2 6

Thus, f(6) must be of the form f(0) = c;sin? § with c; constant. Therefore, the general form for
the Killing vectors of the 2-sphere is

§p = ¢y sinp + ¢, cos o,
€, =sinfcosb(c; cosp — cysinp) + 5 sin? 6,
with three independent constants c;,c,,cg yielding three linearly independent Killing vectors.

Expanding the Killing vectors in an orthogonal basis of the tangent space of S2?, we may write
them as

§ =&y +£,0,,

where 0y and 9, span the tangent space. Then we find for a particular choice of ¢;, ¢, and c¢; that

&, = sinpdy + sin 6 cos 0 cos I, forc; =1,¢5 =3 =0,
§y = —cospdy +sinfcosfsinpd,, for cg =—1,¢; =c53 =0,
€3 = —sin? 60, for c3 = —1,¢; =cy =0.

This is already a nice result. However, to see the relation to the contravariant angular momentum
vector, we need to compute the contravariant form of the Killing vectors via contraction with the
metric. We find

£t = gl sin 0, + g2 sin @ cos O cos ©0,, = sin pd, + cot 8 cos Y0,
£2 = —g' cos pd, + g% sin f cos O sin 0, = — cos pd, + cot §sin pd,,,
€3 = —g?2 sin? 00, = —0,,.

Since in spherical coordinates, the components of the angular momentum operator are given by



L, = ih(sin 0y + cot 6 cos goap),
L,= ih(— cos p0, + cot Osin g08¢>,
L, = —ihd,,

L, =

we found that for our particular choice of ¢;, ¢y, c3, the three contravariant Killing vectors are, up
to a factor of A, identical to the components of angular momentum.

b) Show that for a Killing vector £ and the stress-energy tensor T*”, we can define a current
JH = ¢, T" which has a vanishing covariant derivative, i.e. V, J# = 0.

VMJ“ = VN(SVT’“’) = (Vuﬁy) THY + &, VMT’“’
—V.,¢, 0

= —(V,£,)T"" —£,V, T = —V,(£,T") = =V, J".

Problem 4 (Extra: Torsion and cosmology) [5 points]

a) What would happen to Killing vectors if I}f;, # I}7,?

We would no longer have V£, + V£, = 0. The Lie derivative of the metric w.r.t. a Killing vector
field would not vanish.

b) Is there a timelike Killing vector in FLRW cosmologies?

A metric can only admit a timelike Killing vector % if it is stationary, i.e. if there exist coordinates
in which the metric is independent of time. (This would mean observers travelling along integral
curves of % do not notice any change in the universe.) Since the metric of FLRW cosmologies is
given by

diag(g) = (1, —a(t), —a(t), —a(t))

in Cartesian coordinates, these do not, except for the special case of a(t) = a constant, contain
timelike Killing vector fields.
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