Exam on Quantum Field Theory I

Devised by Timo Weigand, written on 12.02.2013

Solutions by Janosh Riebesell, 22.01.2015

Problem 1 (5 points)

Consider a free real scalar field with the following action

1 1
S = /d4x (ﬁaucpa“@— §m2<p2). (1)

a) Derive the equation of motion for ¢ using the variational principle. Hint: To do this,
substitute ¢ — ¢ + dp, expand S to first order in the small quantity d¢ and impose S = 0.

We vary S with respect to ¢ and 8,,¢ whereby the boundaries are held fixed,
5(10|b0undary = 07 58;L(10|b0undary =0.

Varying ¢ by ¢ — ¢’ = ¢ + d¢p transforms the action
, 1 1
S—S =S+5S=/d%(iau(@—i-&p)a“(goﬁ-égo)—§m2(90+5go)2)
= [ d* 13 o 18 o*d 1(9(5 o 185 o*d
L 5 o 2 L o¢ o
—gmiYt—m P — om dp

=9+ /d4a: (8M908“5g0 + O((06p)?) — m?pdp + O(6g02)),
0=4S ~ /d4x (8ug08“6g0 — m2<,06<p) = 0,00 |boundary T /d4a: (—(aua“gp)&p — m2<,05<,0)
0

= —/d4m(82g0+m2g0)5g0.

Now since d¢ is not zero along all integration paths, we can infer that for 65 = 0 to be true in
general necessarily

0%p +m?p = (02 + m?)p = 0.

b) Consider the operator

55 d3p 1 ipT —ipT
o(Z,1) =/ @n) \/T;TO(GI’BP +a,e” )|, _ 2)
Show that (2) satisfies the equation of motion (O + m?)e(z) = 0.

d3p 1

GrF \/2p,

(02 + m?) (aLe’"’E + a,e ")

(O+m?)p(z) = /
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:/ dp 1 (—p +m )(a;f,eip“’ + ape_ip‘”) =0.
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c) Calculate from (1), the Lagrangian, the canonical conjugate momentum density, m(x), to
@(x). Show that m(x) = ¢(x) and use (2) to write down 7(z) in a form analogous to (2).

_ 0L(p(z),0p(x)) 0 ) (1(390)2 — 1m%oz) -9 (192’2 - 5 (V9 - %m%Q)

m(e) = 9p(x) = 99z 2 9p(z) \ 2 2
= ¢(z),
o [ d% 1 : ; &*p  [p ; :
= — T Pz —wpT\ — 4 0 T ipr —ipT
m(z) 5 / @r? o, (afe™™ 4 a,e~P") z/ 2\ 2 (ale a,e” 7).

d) Propose commutation relations for a, and a;fg such that = and ¢ fulfill the canonical

commutation relations. Verify your ansatz by explicitly evaluating the commutators
[7(Z,8), (5, 8)] = lp(@,1),0(F,1)] =0 and [p(Z,t), 7(3,1)] = i6®) (& — 7).
Proposition:
[a,,a,) = [a},al] =0 and [a,,al] = (2m)36®) (5 — Q).

pr7q

Verification:

N P Py e [ Pa e
W,t),w(y,t)]:z/w,/?oep / g\ 2 ¢l el —a ] =0,

since
0}~ a_ppal —a_) = [af of] — [aha)] — [apal] + [a 0
0 0
= (2m)*5®) (=G — p) — (2m)*3 (—p — ) = 0.
[30(‘%7 t)? (P(ﬂ’ t)] / \/ﬁ / 2,]]_ \/_ [aT + a*P’ a:; + a*']] = 0’
since

[a;; —i—a_p,a}; + a_q] = [a;,a};] + [a;,a—q] + [a—p’ q] + [ 0_p, @ q]
0 O
= —(2m)36@®) (—g — P) + (2m)%0® (—p — §) = 0.

(
[p(Z,1), 7(§,1)] =/ \/ﬂ / \/% “Wlap +a_yap—a_]

Llaf +apaf—a ] =—[af.a ] +[a,al] = @m*® (G —5) + 2m)*6® (59 |

dp e®r [ &P [q
=i 5 €'W2(2m)*0) (—p — )
(2m)3 \/2p, J (2m)3 V 2

d3p . ,
= /1// ﬁesze_lpy fd /1/5(3)(:_6 j— g)




Problem 2 (5 points)

The fermionic part of the QED Lagrangian density is given by

L=V(i@ —m)¥ — VAT, (3)

a) Using the Clifford algebra in D = 4, calculate v, and y#yP7y,,.

The Clifford algebra Cliff(1,3) is defined as the algebra spanned by n x n-matrices (’y“)g, uE
{0,1,2,3} and A, B € {1, ...,n} such that

{77} = yHyY + 4t =20V
Therefore,

Iy — 0)2 — A0~0 — 1007 —
e = {PE oy g JORR = ==
ot dor (") ="' =n"1=-1

5= () = () = () = () =1 () - (1) - (1) =401,

VP, = 0L — PR )y, = 2070, 1 — Py,
= 24P — 4yP = —24P.

b) Draw the Feynman graphs for the non-trivial scattering amplitude et +e~ — et + e~ to
order e2.

Non-trivial scattering excludes the term §;; from the S-matrix element (f [ S | i) represented by

N
the diagram —— (order €?).

e

Order e': none.
€,p e, p
€,p e, p’
Order e?: + g=p—p
g=p+k
etk et k'
et k et kK
c) Write down the invariant matrix element M for this process.

M= Es’ (p/)(_iefyu>us (p) l%ﬁr(k)(_iefyy)v”" (k/)
(p—p)
_inpu —

—uy (p')(—ier* v, (k) Tk v, (k)(—ier”)uy(p)

g2 (ﬂs/ ()" us(p) 0, (K)y, 0 (K) Ty (p")7 0,0 (K7) 0, (K) 7y, (p) )

(p—p')° (p + k)2
where the relative minus sign between the t- and s-channel diagrams stems from Fermi statistics.

d) As b) but this time the Feynman diagrams of order e?.
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Problem 3 (5 points)

For the Ap*-theory the propagator is given by

i iz e
p? —mg —I(p?) — p* —m? +/ dmo(m )102—m’2 )

2
my

with physical mass m, Lagrangian mass parameter m, self-energy H(pQ) and the two-particle
threshold m,.

a) From the position of the 1l-particle pole in this equation, deduce a relation between m,
and m.

Not covered in our treatment of QFT!

b) By comparing the residues at the 1-particle poles, deduce a relation between Z and m?2.

Hint: Use the fact that the integral on the right hand side of (4) has no poles near p* = m?.

Perform a first-order Taylor expansion of II(p?) at p? = m?.

Not covered either by Berges” QFT lecture!
Problem 4 (5 points)
The Lagrangian density of scalar QED is given by
= —}lFWF‘“’ + (D#go)TD‘%p —m2ptp (5)

with D, =90, +ieA, and F,, =0,A, —0,A,,.
a) Show that the action (5) is invariant under ¢ — €**?¢ with 6 € R.

1 . ) ) )
L [ = 7ZF;WFW/ + (Dﬂezeﬁ(p)TDuezeGSO7m2(616080)'r616990

1 o o
— _ZF;LVFMV 4 (DMQO)T 6—1806189 D,u(p _ mZ()DT 6—1606180 0= L.
1 1



b) Calculate the Noether current and charge corresponding to the symmetry transformation
of a).

For the continuous symmetry in a), we can write infinitesimally

p— ¢ =eCo=[1+ied+0O(0?)]p=p+ Oiep + 0(6?).
dp

Furthermore, from £ = £" we can deduce that

Lo L =L+605L + O(62), ie. since 5L =09,F#, Fr=0,
0 0

Then, using the definition of the Noether current, we find

. oL oL . .
7= B, T W‘W — F = (Dig) e + (D) (—iepl).
W n

From this, the Noether charge can be calculated by integrating the current’s zero component over
space. Using the mode expansion of the free field (i.e. to zeroth order in e inside D°, so that
D% — ¢),

d3 1 . _
So(x) = / —p - (ape—zpm _|__ b;elpz)’

e JJ2F,

+2iByt cancel after the z-integration and we find

the terms oscillating as e

3

Ofe =y s . : dp
Q= /d3mj0(t,x) = ze/d% (et — o) = —e/ W(agap —bpb;f))

= TP (4t —bip ¢
= —e W (apap — 0, p) ~+ const,
where the infinite constant from reordering bpb;f, is dropped by normal ordering.

c) Expand the Lagrangian in terms of the interaction terms and state the Feynman rules for
the vertices of scalar QED. Hint: What does a derivative 9" correspond to in momentum space?

The only term in (5) representing interaction is the middle one.
(D,¢)' Do = (8, —icA,)pl (8" +ieAr)p
= 8M30T8“90 + (GMQOT)ieA“go — ieAMgoTﬁ“cp + eQAMgoTA“go
= 8M<,0T8“<,0 + ie(go@mo* — @TOMQO)A“ + e2AMA“<pT<p.
Therefore, the interaction Lagrangian reads
L= ie(goaﬂcpT — @Taﬂgo)A“ + eQAMA“gngo.
The Feynman rules for the vertices of scalar QED are

. n v
" mannnnnp = —ie(p +p')", Hﬁ’mfﬁ = 2ie’nH".
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Problem 5 (5 points)

a) Describe how the Ward-Takahashi identity guarantees that no negative norm states are
created in interactions for a massive vector field.

Same as 3. a) and b), was not discussed in this lecture!

b) Explain how one can see that the Dirac spinor representation of the Lorentz group is
reducible in four dimensions.

An important concept in representation theory is that of an irreducible representation (irrep). Its
representation space does not split into a direct sum of two vector spaces in a manner respected
by the group action, i.e. it is not possible to find a basis of the representation space in which

R(A) = (; 2) VA,

where R is an automorphism and A a Lorentz transformation.

The Dirac spinor representation of Cliff(1,3) is not irreducible as a representation of Spin(1,3)
since the Dirac matrices can be chosen as

7_10’7__0-1‘0,

in which case 1 transforms under a spatial rotation and Lorentz boost (wy; = X;) as

—Lfané ~133 0
p = (e ’ _iaﬁ_a)w, P — (e R ,a)w.
0 e 2 €2

Thus, the subspaces spanned by 1 = (¢!,4?2,0,0) and T = (0,0,93,4*) transform separately.
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Irrespective of the concrete representation, the reducibility of the Dirac spinor representation as
a representation for Spin(1,3) can be seen as follows: Define 5 = i7%y!42~3, then the orthogonal
projection operators

1
P, = 5(11’75)

have the properties (Pi)2 =P,PP =0=PP,, and P, + P_ = 1. If we now define ¢, := P 1,
we have P, - = 0. Since [SP?,7°] = 0, we have P.S[A]ip,. = 0, i.e. the + and — subspaces of the
Cliff(1, 3) algebra transform separately under Spin(1, 3).

Remark: The v are called positive (negative) chirality spinors.

c) Consider a scalar field ¢(z) in D (instead of 4) dimensions with action

1 1
— D 2,,2
S—/d x(iauwﬁugo—ﬁmcp). (6)
State the mass dimension of ¢(x). Hint: In units where A = ¢ = 1, what is the mass dimension
of an action?

Irrespective of the number of spacetime dimensions D, the action S in natural units has mass
dimension [S] = 0. Now since both space and time have mass dimension [z#] = —1 Vu, every term
in the Lagrangian needs [£] = D for [S] to be zero. Together with [m?] = 2, this requires



o-2=2 1

D=[L]=[m’]+ [0’ =2+ [¢*] = [o]= 2

N | =

d) Consider the process et + e~ — et + e~ in Quantum Electrodynamics. Argue that this
process is ultra-violet finite to every order in perturbation theory. Hint: Draw the process in
terms of resummed 1PI subdiagrams — no explicit expansion order by order in perturbation
theory. Use general properties and relations of these resummed 1PI diagrams to show that all
divergencies cancel.

Not discussed in our treatment of QFT! Will follow at the beginning of QFT II.
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